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' Abstract 

Let L be the divergence form elliptic operator with complex bounded measurable coefficients, 
u the positive concave function on (0, oo) of strictly critical lower type G (0, 1] and p{t) = 

■ /lo~^ {t~^) for t G (0,oo). In this paper, the authors study the Orlicz-Hardy space i?(j,L(R") 
I and its dual space BMOp^L* (Hi"), where L* denotes the adjoint operator of L in Several 

characterizations of H^,l(M."), including the molecular characterization, the Lusin-area function 
OO ' characterization and the maximal function characterization, are established. The p-Carleson mea- 

sure characterization and the John-Nirenberg inequality for the space BMOp,L(IE^") are also given. 
' As applications, the authors show that the Riesz transform VL^^/^ and the Littlewood-Paley 

(^-function gi map H^^l{M.'^) continuously into L{uj). The authors further show that the Riesz 
, transform VL~^/^ maps H^^l{M.'^) into the classical Orlicz-Hardy space 77^ (M") for £ (;rrT' ^'^ 

and the corresponding fractional integral L"''' for certain 7 > maps 77^^i(R") continuously into 
where ui is determined by lu and 7, and satisfies the same property as uj. All these 
results are new even when = for all t e (0, 00) and p £ (0, 1). 
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1 Introduction 

Ever since Lebesgue's theory of integration has taken a center stage in concrete problems 
of analysis, the need for more inclusive classes of function spaces than the LP(M"') -families 
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naturally arose. It is well known that the Hardy spaces i7^(M") when p G (0, 1] is a good 
substitute of LP(R") when studying the boundcdncss of operators, for example, the Ricsz 
operator is bounded on //*'(R"), but not on L^{W') when p £ (0, 1]. The theory of Hardy 
spaces HP on the Euclidean space M** was initially developed by Stein and Weiss [39]. 
Later, FefFerman and Stein [18] systematically developed a real-variable theory for the 
Hardy spaces HP(W^) with p € (0, 1], which now plays an important role in various fields 
of analysis and partial differential equations; see, for example, [38, 11, 20, 32, 36]. A key 
feature of the classical Hardy spaces is their atomic decomposition characterizations, which 
were obtained by Coifman [10] when n = 1 and Latter [30] when n> 1. On the other hand, 
as another generalization of U'(R"'), the Orlicz space was introduced by Birnbaum-Orlicz 
in [8] and Orlicz in [33], since then, the theory of the Orlicz spaces themselves has been 
well developed and the spaces have been widely used in probability, statistics, potential 
theory, partial differential equations, as well as harmonic analysis and some other fields 
of analysis; sec, for example, [34, 35, 9, 31, 1, 26]. Moreover, the Orlicz-Hardy spaces are 
also good substitutes of the Orlicz spaces in dealing with many problems of analysis, say, 
the boundedness of operators. In particular, Stromberg [40] and Janson [27] introduced 
generalized Hardy spaces i?^(M"), via replacing the norm || • ||ip(i;»i) by the Orlicz- norm 
II ■ \\l{ui) ™ the definition of if^(M"), where lo is an Orlicz function on [0, oo) satisfying 
some control conditions. Viviani [42] further characterized these spaces H^^ on spaces 
of homogeneous type via atoms. The dual spaces of these spaces were also studied in 
[40, 27, 42, 25]. All theories of these spaces are intimately connected with properties of 
harmonic analysis and of the Laplacian operator on M". 

In recent years, function spaces, especially Hardy spaces and BMO spaces, associated 
with different operators inspire great interests; see, for example, [3, 6, 7, 15, 16, 17, 22, 
43, 28, 21] and their references. In particular, Auscher, Duong and Mcintosh [3] first 
introduced the Hardy space iJ^(M") associated with an operator L whose heat kernel 
satisfies a pointwise Poisson type upper bound by means of a corresponding variant of 
the Lusin-area function, and established its molecular characterization. Duong and Yan 
[16, 17] introduced its dual space BMO and established the dual relation between 

Hj^{W") and BMO Yan [43] further generalized these results to the Hardy spaces 

H-'^iW^) with certain p < 1 and their dual spaces. Also, Auscher and Russ [7] studied the 
Hardy space Hj^ on strongly Lipschitz domains associated with a divergence form elliptic 
operator L whose heat kernels have the Gaussian upper bounds and regularity. Very 
recently, Auscher, Mcintosh and Russ [6] treated the Hardy space HP with p e [l,oo] 
associated to Hodge Laplacian on a Riemannian manifold with doubling measure, and 
Hofmann and Mayboroda [22] further studied the Hardy space if|(R") and its dual space 
adapted to a second order divergence form elliptic operator L on M" with bounded complex 
coefficients and these operators may not have the pointwise heat kernel bounds. 

Motivated by [22, 27, 42], in this paper, we study Orlicz-Hardy spaces H^^l{W^) associ- 
ated to the divergence form elliptic operator L in [22] and their dual space BMOp^L*(M"), 
where L* denotes the adjoint operator of L in L^(M"), the positive function to on (0, oo) 
is concave and of strictly critical lower type p^j G (0,1] and p{t) = /(jj~^{t~^) for all 
t G (0, oo). A typical example of such Orlicz functions is Lo{t) = for all t G (0, oo) 
and p G (0,1]. As applications, we obtain the boundedness of the Riesz transform, the 
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Littlewood-Paley ^-function and the fractional integral associated with L on H^^l{^"), 
which may not be bounded on the classical Orlicz-Hardy space Hi^(W^) or the Orlicz space 
L{u)). Thus, it is necessary to introduce and study the Orlicz-Hardy space H^jj^iiW^). 

Recall that the classical BMO (M") was originally introduced and studied by John and 
Nirenberg [29] in the context of partial differential equations, which has been identified as 
the dual space of i7^(M") in the work by Fefferman and Stein [18]. Also, the generalized 
space BMOp(R") was introduced and studied in [40, 27, 42, 25] and it was proved therein 
to be the dual space of H^jiW^). 

To state the main content of this paper, we first recall some notation and known facts on 
second order divergence form elliptic operators on with bounded complex coefficients 
from [2, 22]. Let ^ be an n x n matrix with entries {aj,fc}"fc=i C L°^(M",C) satisfying 
the ellipticity conditions, namely, there exist constants < < < oo such that for 
ah C G C", 

AA|C|'<7^e(AC,0 and \{Ai,C)\ < KaMQ- (1-1) 
Then the second order divergence form operator is given by 

Lf = div(^V/), (1.2) 

interpreted in the weak sense via a sesquilinear form. Following [22] , set 

PL = inf |p > 1 : sup ||e~*^ jj^p (Mn)_^ip(Mn) < oo| 



and 



PL = sup <! p < oo : sup ||e *'^||lp(R")^lp(R") < oo 

' t>0 



It was proved by Auscher [2] that if n = 1, 2, then pL = \ and pL = oo, and if n > 3, 
then PL < 2n/(n -|- 2) and pL > 2n/{n — 2). Moreover, thanks to a counterexample given 
by Frehse [19], this range is also sharp, which was pointed out to us by Professor Pascal 
Auscher. 

For all / e L2(M") and x e M", define 



The space i?^,L(M") is defined to be the completion of the set {/ G ^^(M") : SlJ € L{lo)} 
with respect to the quasi-norm 

If p < 1 and u{t) = for all t G (0,oo), we then denote the Hardy space H^^LiW^) by 
i?j^(R"). The Hardy space Hj^{M."') was studied by Hofmann and Mayboroda in [22] (see 
also [23] for a corrected version). 
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In this paper, we first obtain the molecular decomposition of the Orlicz-Hardy space 
Hij^l(W^). Using this molecular decomposition, we then establish the dual relation between 
the spaces Hi^^l{W^) and BMOp^L*(M"), and the molecular characterization of //(^^^(R"). 
Characterizations via the Lusin-area function associated to the Poisson semigroup and the 
maximal functions are also obtained. We also establish the p-Carleson measure charac- 
terization and the John-Nirenberg inequality for the space BMOp^L(M"). As applications, 
we show that the Riesz transform VL^^/^ and the Littlewood-Paley (7-function gi map 
Hw,l{^^) continuously into L{u}); in particular, VL~^/^ maps Hijj^l{M."-) into the classical 
Orlicz-Hardy space H^{W^) for G (^^,1]- Moreover, we show that the correspond- 
ing fractional integral L~'^ for all 7 G (0, f — ^)) maps H^^l{^"') continuously into 
i{W^), where uj is determined by uj and 7, and satisfies the same property as uj. All 
these results are new even when u;(t) = for all t G (0, 00) and p G (0, 1). When p = 1 
and a;(t) = t for all t G (0, 00), some of results are also new. 

The key step of the above approach is to establish a molecular characterization of the 
Orlicz-Hardy space H^^LiW^). To this end, a main difficulty encountered is the conver- 
gence problem of the summation of molecules, i.e., in what sense does the molecular 
characterization hold? In Theorem 5.1 below, we prove that our molecular characteri- 
zation holds in the dual of BMOp^L*(M"). This is quite different from the cases for the 
Hardy space Hj^{M.'^) in [22] and the Hardy space {AT* M) in [6], which only need that 
the molecular characterizations hold pointwise; see [22, (1.11)] (or its corrected version in 
[23]) and [6, Definition 6.1]. Recall that M denotes a complete Riemannian manifold and 

AT*M= A''T*M 

0<fe<dimM 

the bundle over M whose fibre at each a; G M is given by AT*M, the complex exterior 
algebra over the cotangent space T*M; see [6, p. 194]. In this paper, to obtain the molec- 
ular characterization of ifa,^L(M"), we first need to show that the dual space of Hi^^l{^"') 
is BMOp^L*(M") in Theorem 4.1 below. The key ingredients used in the proof of Theorem 
4.1 is the Calderon reproducing formula (Lemma 4.3 below) and the atomic decomposition 
of the tent space Ti^{MJ^^) (Theorem 3.1 below). We point out that the dual space of 
Hj^{W^) was already obtained in [22, Theorems 8.2 and 8.6] by a different, but more com- 
plicated, approach, without invoking the atomic decomposition of the tent space. Also, 
the dual space of H^{AT*M) was obtained in [6] as a direct corollary of the dual theorem 
on the corresponding tent space; see [6, Theorem 5.8]. 

Another key tool used in this paper to obtain the maximal function characterizations 
of H^j^l{M."-) and their applications in boundedness of operators is Lemma 5.1 below, 
which gives a sufficient condition for the boundedness of linear or non-negative sublinear 
operators from Hi^^l{W^) to L{uj). Such a condition for the molecular Hardy space in 
Hj^{W^) case was also given in [22, Lemma 3.3], which is a direct corollary of the definition 
of the molecular Hardy space; see its corrected version in [23]. To obtain Lemma 5.1, 
we need the following important observation that for all / G H^^l{W^) n L^(M"), since 
t^Le-^^^f G r|(R!|:+^)nr^(R"+^), by Proposition 3.1 below, the atomic decomposition of 
t'^Le-^'^f holds in both T^(M!f.+^) and T^{Rl+^) for aU p G [1,2]. Then by the fact that 
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the operator TrL,M, which is introduced in [17] and initially defined on F G L'^(M.'^^) with 
compact support by 

7rL,MF ^ Cm H {t'Lr+'e-''^F{.,t)^, (1.4) 
Jo t 

is bounded from T^(W^^) to L^'(M") for p G {pliPl) (see Proposition 4.1 below), we fur- 
ther obtain the LP(M"') -convergence with p G {pi, 2] and the i7u,,L(M")-convergence of the 
corresponding molecular decomposition for functions in H^^l{W^) nL^(]R") in Proposition 
4.2 below. These convergences are necessary and play a fundamental role in the whole 
paper, which is totally different from the ^-representation used in [22, 23, 21]. Here and 
in what follows, M G N and 

Cm rt^(^+^h-^''- = l. 
Jo t 

We remark that the convergence of the atomic decomposition of the tent spaces was also 
already carefully dealt with in [6] (We thank Professor Pascal Auscher to point out this 
to us). To be precise, in [6, pp. 209-210], Auscher, Mcintosh and Russ proved that for 
any functions F in the intersection of the tent spaces T^''^(AT*M) and r^'^(AT*Af) with 
the support M x [e, oo) for some e > 0, F„ = FxB{xo,n)x{i/n,n) ^'^y xo € M has 
an atomic decomposition which converges in both T^'^(Ar*M) and T^'^(Ar*M); see [6, 
(4.5)]. Observe that the compact support of F„ plays an important role in establishing 
the convergence of its atomic decomposition in [6]. However, Proposition 3.1 below are 
true for all functions in Ttj(M"^"'^) nTj (M""*"^) without assuming the compact supports. To 
obtain this proposition, we need to subtly use the construction of the supports of atoms in 
the atomic decomposition of tent spaces T^{MJ^^) in Theorem 3.1 below and the Lebesgue 
dominated convergence theorem. 
This paper is organized as follows. 

In Section 2, we recall some notions and known results concerning operators associated 
with L and describe some basic assumptions on the Orlicz function u considered in this 
paper. We point out that throughout the whole paper, we always assume that co on (0, oo) 
is concave and of strictly critical lower type p^^ G (0, 1]. These restrictions are necessary 
for the Orlicz-Hardy space iif|^^L(M") to have the molecular characterization; see Theorem 
5.1 below. Thus, under these restrictions, the Orlicz-Hardy space H^^Li^"") behaves more 
closely like the classical Hardy space. We leave the study on the Orlicz-Hardy space with 
a Young function in a forthcoming paper, which may have some properties similar to those 
of the spaces HP{AT*M) with p G (l,oo] as in [6]. 

In Section 3, we introduce the tent spaces T^(R'^^) associated to oj and establish its 
atomic characterization; see Theorem 3.1 below. By the proof of Theorem 3.1, we observe 
that if a function F G T^(M"+^) n TKM"^^), p G (0,oo), then there exists an atomic 
decomposition of F which converges in both r^(M++^) and r|(]R![:+^); see Proposition 3.1 
below. As a consequence, we prove that if F G T^i'^l'^^) n r|(M!^+^), then there exists 
an atomic decomposition of F which converges in both T^(W^^) and (M"'^''') for all 
p G [1,2]; see Corollary 3.1 below. 
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In Section 4, we first introduce the Orlicz-Hardy space Hcj^l{^^), and then prove 
that the operator ttl,m in (1-4) maps the tent space T2 (R"^^) contimiously into LP(R") 
for p G {pLiPl) and Tt^(R"^^) continuously into H^^^l{W^) (sec Proposition 4.1 below). 
Combined this with Corollary 3.1, we obtain a molecular decomposition for elements in 
Huj,l{W^) n L^(M") which converges in i7(M'*) for p G (pl,2]; see Proposition 4.2 below. 
Via this molecular decomposition of H^^l{W^), wc further obtain the duality between 
Hu),LiW^) and BMOp, (see Theorem 4.1 below). We also remark that the proof of 
Theorem 4.1 is much simpler than the proof of [22, Theorem 8.2]. 

In Section 5, we introduce the molecular Hardy space, where the summation of molecules 
converges in the space (BMOp^i,* (M"))*, the dual space of BMOp^^* (M"). Then we show 
that the molecular Hardy space is equivalent to the Orlicz-Hardy space H^^^iW^) with 
equivalent norms; see Theorem 5.1 below. Furthermore, we characterize H^jj^LiW^) via the 
Lusin-area function associated to the Poisson semigroup, and the maximal functions; see 
Theorem 5.2 below. We also point out that a sufficient condition for the boundedness of 
linear or non-negative sublinear operators from H,^^i^{W^) to L{io) is also given in Lemma 
5.1 below, which plays a key role in the proof of Theorem 5.2 and is very useful in appli- 
cations (see Section 7 of this paper). This condition is also necessary if uj{t) = for all 
t G (0,00) and p G (0, 1]. 

Section 6 is devoted to establish the p-Carleson measure characterization (see Theo- 
rem 6.1 below) and the John-Nirenberg inequality (see Theorem 6.2 below) for the space 
BMOp,L(M"). 

In Section 7, as an application, we give some sufficient conditions which guarantee 

the boundedness of linear or non-negative sublinear operators from Hi^xi^^) to L{uj); in 
particular, we show that the Riesz transform VL~^/^ and the Littlewood-Paley ^'-function 
gi map H^j^lCK"-) continuously into L{u)); see Theorem 7.1 below. A fractional variant 
of Theorem 7.1 is also given in this section; see Theorem 7.2 below. Using Theorem 
7.2, we prove that the fractional integral L~'^ for all 7 G (0, f (^ — ^)) maps if^^i(M"') 
continuously into Hi^^i^iM'^''), where lo is determined by lo and 7 and satisfies the same 
property as w; see Theorem 7.3 below. In particular, L~'^ maps iJ]?(M") continuously 
into Hl{W^) ioT < p < q < 1 and n/p — n/q = 27; see Remark 7.3 below. Applying 
Theorems 7.1 and 7.3, we further show that VL~^/^ maps Hi^^l{W^) continuously into 
HujiM."-) for p^ G (^, 1], and in particular, i?£(M") into the classical Hardy space iJP(]R'") 
for p G (^, 1]; see Theorem 7.4 below. Moreover, we show that i?t^,L(K") C H^J{R"■) for 
all p^ G (;^, 1] in Remark 7.4 below. It was also pointed out by Hofmann and Mayboroda 
in [22] that Hj^{W^) is a proper subspace of H'^iW'') for certain L as in (1.2). Wc remark 
that if L = —A -|- V with V G L\^^ (M") is the Schrodinger operator on M", then it was 
proved in [21] that VL~^/^ maps iJ|^(M") into the classical Hardy space H^(W^). 

We point out that this paper is strongly motivated by Hofmann and Mayboroda [22], 
and we also directly use some estimates from [22] which simplify the proofs of some 
theorems of this paper. 

Finally, we make some conventions. Throughout the whole paper, L always denotes the 
second order divergence form operator as in (1.2). We denote by C a positive constant 
which is independent of the main parameters, but it may vary from line to line. The 
symbol X < Y means that there exists a positive constant C such that X < CY; the 
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symbol [a J for a G M denotes the maximal integer no more than a; B{zb, tb) denotes an 
open ball with center zb and radius rs and CB{zb, tb) = B{zb, Ctb)- Set N = {1, 2, • • • } 
and Z+ = N U {0}. For any subset E of we denote by the set W \ E. 

2 Preliminaries 

In this section, we recall some notions and notation on the divergence form elliptic 
operator, and present some basic properties on Orlicz functions and also describe some 
basic assumptions on them. 

2.1 Some notions on the divergence form elliptic operator L 

In this subsection, we present some known facts about the operator L considered in 
this paper. 

A family {St}t>o of operators is said to satisfy the L? off-diagonal estimates, which is 
also called the Gaffney estimates (see [22]), if there exist positive constants c, C and (3 
such that for arbitrary closed sets F C M", 

, dist (E,F)^ sS 

WStfWmF) < ce-^^^^ Wfh^E) 

for every t > and every / G L^(M") supported in E. Here and in what follows, for any 

p G (0,oo] and E C M'^, = \\fXE\\Lr{Rny, for any sets E, F C M", dist {E,F) = 

inf{|x — y\ : x £ E, y £ F}. 

The following results were obtained in [2, 4, 22, 24]. 

Lemma 2.1 ([24]). // two families of operators, {St}t>o CLi^d {Tt}t>o, satisfy Gaffney 
estimates, then so does {5'jrj}j>o- Moreover, there exist positive constants c, C, and (5 
such that for arbitrary closed sets E, F c M", 

/ di3t(g,F)^ ^a 
\\SsTtfh.^F) < Ce-^T^^^^ Wfh^E) 

for every s, t > and every f G L^(M") supported in E. 

Lemma 2.2 ([4, 24]). The families, 

{e-'%>o, {tLe-'%>o, {t'^'Ve-'^^o, (2.1) 

as well as 

{(J + iL)-i}t>o, {t'/^V{I + tL)-%>o, (2.2) 

are bounded on L'^{W^) uniformly in t and satisfy the Gaffney estimates with positive 
constants c, C depending on n, Xa, o,s in (1.1) only. For the operators in (2.1), /3 = 1, 
while in (2.2), (3 = 1/2. 
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Lemma 2.3 ([2, 22]). There exist pL e [1,;^); PL G (^,oo] and c,C e (0,oo) such 
that 

(i) for every p and q with Pl < P ^ Q < PL, the families {e~*^}f>o and {tLe~*^}t>o 
satisfy LP — L'? off-diagonal estimates, i. e., for arbitrary closed sets E, F C M", 

,r J.T n/l 1\ dist(B,F)2 

l|e-*''/||L.(F) + ||ii^e-*^/||L.(F) < Ct^^-^--v^e —\\f\\L.[E) 

for every t > and every f G L^{W^) supported in E. The operators {e~*^}t>o and 

J n/l 1\ 

{tLe-^^]t>Q are hounded from LP{W) to Li{W) with the norm Cf^ i p ; 

(ii) for every p £ (pltPl), the family {(/ + tL)~^}t>o satisfies LP — LP off-diagonal 
estimates, i. e., for arbitrary closed sets E, F C M", 

\\{L + tL)-^f\\L.^F) < Ct?^^^^e-'^1?^||/|U.(B) 
for every t > and every f G LP{W^) supported in E. 

Lemma 2.4 ([22]). Let A; G N and p G {pl,Pl)- Then the operator given by for any 
f G LP{W) and x G W, 

Slfix) ^ I (^^^ \it^Lre-^''fiy)\^^^ , 
is bounded on LP(W^). 

2.2 Orlicz functions 

Let w be a positive function defined on M+ = (0, oo). The function u is said to be of 

upper type p (rcsp. lower type p) for certain p G [0, oo), if there exists a positive constant 
C such that for alH > 1 (resp. t G (0, 1]) and s G (0, oo), 

uj{st) < CtPuj{s). (2.3) 

Obviously, if u is of lower type p for certain p > 0, then limt_+o+ ^{t) = 0. So for the 
sake of convenience, if it is necessary, we may assume that cj(0) = 0. If a; is of both upper 
type pi and lower type pQ, then to is said to be of type {po, pi). Let 

p'^ = mf{p > : there exists C > such that (2.3) holds for all t G [1, oo), s G (0, oo)}, 

and 

p~ = sup{p > : there exists C > such that (2.3) holds for all t G (0, 1], s G (0, oo)}. 

The function lo is said to be of strictly lower type p if for all t G (0, 1) and s G (0, oo), 
uj{st) < t'Puj{s), and define 

Pi^ = sup{p > : cj{st) < tPcj{s) holds for all s G (0, oo) and t G (0, 1)}. 

It is easy to see that Puj < ^ Pi for ^- I^i what follows, p^, p~ and p+ are called 
to be the strictly critical lower type index, the critical lower type index and the critical 
upper type index of cu, respectively. 
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Remark 2.1. We claim that if p^, is defined as above, then lo is also of strictly lower type 
Pi^. In other words, is attainable. In fact, if this is not the case, then there exist certain 
s £ (0, cx)) and t € (0,1) such that Lj(,st) > t'P'^uj{s). Hence there exists e € {0,Pi_j) small 
enough such that io{st) > tf'^^'^uj(s), which is contrary to the definition of p^. Thus, co is 
of strictly lower type p^;- 

Throughout the whole paper, we always assume that lo satisfies the following assump- 
tion. 

Assumption (A). Let p^ be defined as above. Suppose that a; is a positive Orlicz func- 
tion on M+ with p^ G (0, 1], which is continuous, strictly increasing and concave. □ 

Notice that if u satisfies Assumption (A), then a;(0) = and uj is obviously of upper 
type 1. Since u is concave, it is subadditive. In fact, let < s < t, then 

s + t s t 

uj(s + t) < uj(t) < uj(t) + --uj(s) = uj(s) + Uj(t). 

t t s 

For any concave fimction u> of strictly lower type p, if we set uj{t) = u![s)/s ds for 
t G [0,oo), then by [42, Proposition 3.1], cD is equivalent to uj, namely, there exists a 
positive constant C such that C~^u>{t) < Lo{t) < Cu>{t) for all t G [0, oo); moreover, u is 
strictly increasing, concave and continuous function of strictly lower type p. Since all our 
results are invariant on equivalent functions, we always assume that u satisfies Assumption 
(A); otherwise, we may replace u hy lj. 

Convention (C). From Assumption (A), it follows that < p^ < p~ < < 1. In what 
follows, if (2.3) holds for p+ with t G [l,oo), then we choose p^^ = p+; otherwise p^ < 1 
and we choose p^, G (pj, 1) to be close enough to p^. □ 

For example, if u{t) = with]? G (0, 1], thenp^, = p'^ = Pw = P', if ^{t) = t^^"^ ln(e'^ + t), 
then Pu;=pi = 1/2, but 1/2 <p^<l. 

Let LO satisfy Assumption (A). A measurable function / on is said to be in the 
Lebesgue type space L(u;) if 

/ c<;(|/(a;)|) dx < oo. 
Moreover, for any / G L{uj), define 

11/11^,) = inf |a > : a; dx < lj . 

Since oo is strictly increasing, we define the function p{t) on M+ by setting, for all 

t G (0,oo), 

Pit) ^ ^J^y (2.4) 

where and in what follows, co~^ denotes the inverse function of lo. Then the types of oo 
and p have the following relation; see [42] for its proof. 

Proposition 2.1. Let < po < pi < 1 and lo be an increasing function. Then u is of 
type [po, Pi) if and only if p is of type {p^^ - 1, p^^ - 1). 
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3 Tent spaces associated to Orlicz functions 

In this section, we study the tent spaces associated to Orhcz functions. We first recaU 
some notions. 

For any 1/ > and x e M", let M!^+^ = M" x (0, oo) and 

r,(,x) = {(y,t) GM!^+i : \x - y\ < ut} 

denoting the cone of aperture ly with vertex x G M". For any closed set F of M", denote by 
TZuF the union of all cones with vertices in F, i.e., TZi,F = UxeF^uix); and for any open 
set O in M", denote the tent over O by %{0), which is defined as r^(0) = [nj{0^)]^. 
Notice that 

T^{0) = {{x,t) e M" X (0,oo) : dist(x,o'^) > ut}. 

In what follows, we denote ri(a;), 'R.i{F) and Ti(0) simply by r(x), 'R-{F) and O, respec- 
tively. 

Let F be a closed subset of and O = F^. Assume that \0\ < oo. For any fixed 
7 G (0, 1), we say that a; G M'* has the global 7-density with respect to F if 

\B(x,r)nF\ 



\B{x,r)\ 



for all r > 0. Denote by F* the set of all such x. Obviously, F* is a closed subset of F. 
Let O* = (F*)^. Then it is easy to see that O C O*. In fact, we have 

0* = {xGM": >f(xo)(x)>l-7}, 

where A4 denotes the Hardy-Littlewood maximal function on M". As a consequence, by 
the weak type (1,1) of M, we have \0*\ < C{'j)\0\, where and in what follows, C{'y) 
denotes a positive constant depending on 7. 

The proof of the following lemma is similar to that of [12, Lemma 2]; we omit the 
details. 

Lemma 3.1. Let i^, rj £ (0, 00). Then there exist positive constants 7 G (0,1) and 
C(7, v, rj) such that for any closed subset F of M" whose complement has finite measure 
and any non-negative measurable function H on , 

[ [ H{y, t)e dy dt < C(7, u,ri) [ \ [ [ H{y, t) dy dt \ dx, 
J Jtz.af*) Jf [J Jr„{x) J 

where F* denotes the set of points in with global ^-density with respect to F. 

Let G (0, 00). For all measurable functions g on and all x G M", let 

1/2 



AAg){x)^l If \g{y,t)\ 



2 dy dt 



and denote Ai{g) simply by A{g). 
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Coifman, Meyer and Stein [12] introduced the tent space T2{MJ^^) for p G (0, oo), 
which is defined as the space of ah measurable functions g such that = 

\\A{g)\\LP{mr^) < oo. 

On the other hand, let uj satisfy Assumption (A). Harboure, Salinas and Viviani [25] 
defined the tent space T^CMJ^-^) associated to the function u as the space of measurable 
functions g on MJY^^ such that A{g) G L{lo) with the norm defined by 



bllT.(M;+i)^ll^(5)llL(.)=inf{A>0: ^^^(^rlMM) dx < 



Lemma 3.2. Let rj, u £ (0, oo). Then there exists a positive constant C, depending on r] 



and V, such that for all measurable functions H on ^'^'^^ 



1) 



C-^ f u{Ar^{H){x))dx < [ uj{AuiH){x))dx<C [ uj{Ar,iH){x)) dx. (3. 
7r" Jm" 7r" 

Proof. By the symmetry, we only need to establish the first inequality in (3.1). To 
this end, let A G (0,oo) and Ox = {x G : Au{H){x) > A}. If |C>a| = oo, then 
Li!{Au{H){x)) dx = oo and the inequality automatically holds. Now, assume that 
\0\\ < oo. Applying Lemma 3.1 with Fx = (Ox)^, we have 

// my,t)\^^<[ [[ \Hiy,tr^dx< [ [AAH)ix)rdx. 

Here and in what follows, we denote {Fx)* and (Ox)* = {{Fx)*)^ simply by F* and O^, 
respectively. Observe that 

which implies that 

/ [Ar,{H){x)f dx < I [A,{H){x)f dx. 
Jf* Jfx 

Here and in what follows, for a measurable function g on M" and A > 0, let o'g(A) denote 
the distribution of g, namely, ag{X) = \{x G : \g{x)\ > A}|. Hence, we have 



<^A,(H){X) < \0*x\ + ^^[AAH){x)]'' dx < \Ox\ + ta^^^H)it)dt. 

Since u is of upper type 1 and lower type G (0, 1], we have 

u:{t)^f'^du (3.2) 
Jo u 



lo u 

for each f G (0, oo), which further implies that 

(■A^(H){x) 



/ uj{Ar,{H){x))dx ^ / -±ldtdx^ aj^^^H){t)-T^dt 

JM" 7]R" Jo JO 
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roo uiit) f f°° Lo(t) 

^ ^AAH)it)^dt + sa^^^H){s) J -^dtds 
< [ u{A,{H){x))dx. 

This proves the first inequahty in (3.1), and hence, finishes the proof of Lemma 3.2. □ 

We next give the atomic characterization of the tent space T^{Rl+^). Let pe{l , oo ). 
A function a on is called an (aj,p)-atom if 

(i) there exists a ball B C M" such that suppa C B; 

(ii) ||a||^P(j,„+i)<|5|Vf-i[p(|B|)]-i. 

Since u is concave, by the Jensen inequality, it is easy to see that for all (a;,p)-atoms 
a, we have \\a\\rp (j^n+i) < 1- 

Furthermore, if a is an (a;,p)-atom for all p G (1, oo), we then call a an (a;, oo)-atom. 

Theorem 3.1. Let u satisfy Assumption (A). Then for any f G T^{M.'^^), there exist 
{Lo,oo)-atoms and numbers {Aj}^^ ^ such that for almost every {x,t) € M""*"^, 

oo 

f{x,t) =^\jaj{x,t). (3.3) 
Moreover, there exists a positive constant C such that for all f G T^{^^^), 



A({Ajaj}j) = inf < 



where Bj appears as the support of aj . 

Proof. We prove this theorem by borrowing some ideas from the proof of Theorem 1 in 
Coifman, Meyer and Stein [12]. Let / G r^(M!|:+^). For any /c G Z, let Ou^ {x : 
A{f){x) > 2'=} and = (Ok)^. Since / G Tt^(M"+^), for each k, Ok is an open set and 
\Ok\ < oo. 

Since lo is of upper type 1, by Lemma 3.1, for A; G Z and < 0, we have 



JJn{F*) t JpJJrix) 

<[ A{f){xfdx<f u;iAif){x))dx^O, 



as k ^ — oo, which implies that / = almost everywhere in r\k^xR,{.F^) ^ cind hence, 
supp/ C {UfcgzO* U E], where E C MT^^ and //g <^ = 0. 
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Thus, for each k, by applying the Whitney decomposition to the set O^, we obtain a 

set Ik of indices and a family {Qk,j}jeik °f disjoint cubes such that 

(i) Uj^i^Qkj = 01, and if i / j, then Qkj n Qk,i = 0, 

(ii) ^/ni{Qk,j) < dist {Qk,j, {O^)^) < ^Vn£{Qk,j), where £{Qk,j) denotes the side-length 
of Qk,j- 

Next, for each j G Ik, we choose a ball B^j with the same center as Qkj and with 
radius ^y^-times i{Qk,j)- Let Akj = Bk,j D {Qkj x (0,oo)) n (O^ \ O^+i), 

ak,j = 2-'^\BkJ-Hp{\BkM~'fXA,, 

and Afcj = 2^\Bkj\p{\Bk,j\). Notice that {(Q^j x (0,oo)) n {O* \ O*^^)} C B^j. From 
this, we conclude that / = X^^g^ Sje4 ^k,jO,k,j almost everywhere. 

Let us show that for each A; G Z and j G Ik, cikj is an (a;,oo)-atom supported in B^j- 
Let p G (1, oo), g = p' be the conjugate index of p, i. c, 1/g + 1/p = 1, and /), G T|(R"^^) 
with < 1- Since Akj C (Ofc+i)'^ = T^{Fk+i), by Lemma 3.1 and the Holder 



inequality, we have 

\{ak,j,h)\< 11 \{ak,jXAkJiy,t)h{y,t)\-^ 

[[ \ak,j{y,t)h{y,t)\^^ dx < [ A{ak,j){x)A{h){x) dx 

<2-^\Bk,j\-\p{\BkM~'[j , [A{f){x)fdx\ ||/.||^.(^n+i) 

<\Bk,\'/P-'[pi\BkM-\ 

which implies that a^j is an (a;,p)-atom supported in B^j for all p G (l,oo), hence, an 
{to, oo)-atom. 

By (3.2), for any A > 0, we further obtain 

k&Zj&Ik 



X\Bk,M\Bk,j\) 

^ E E (t) ^ E (y) ^ E \o^\- ( 

keZj&ik ^ ^ kez ^ ■' k&z ^ 

^E/ ^(t)^-^ I E 
/ 



A/ i 



2-4(/)(^) 



</ / u;{t)—dx< cv[ ' \dx, (3.5) 

which implies that (3.4) holds, and hence, completes the proof of Theorem 3.1. □ 
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Remark 3.1. (i) Notice that the definition A{{Xjaj}j) in (3.4) is different from [25, 42]. 
In fact, if p G (0, 1] and ijj{t) = for all t G (0, oo), then A{{Xjaj}j) here coincides with 

iEjl^jl")^^"^ which seems to be natural. 

(ii) Let C C and {a^j}ij be (a;,p)-atoms for certain p G (1, oo), where i = 1, 2. If 
Ei ^ja], Ej >^]a] G r^(M!;+i), then by the fact that UJ is subadditive and of strictly lower 
type Pi^, we have 

[A({A}a}K,)r<^[A({A}a}},)r. 
1=1 

(iii) Since uj is concave, it is of upper type 1. Then, with the same notation as in 
Theorem 3.1, we have E"i |A,I < CA({A,a,},) < C\\f\\^^^^u+,y 

Let p G (0,1] and q G (j3, oo) n [l,oo). Recall that a function a on W^'^ is called a 
(p, g)-atom if 

(i) there exists a ball B cW^ such that suppa C 

(ii) ||a||^,(j,n+i) < 

We have the following convergence result. 

Proposition 3.1. Let uj satisfy Assumption (A) and p G (0,oo). If f € {T^{R^^) Ci 
T^{M:1+^)), then the decomposition (3.3) holds in both T^iR^-^^) and T^{M:1+^). 

Proof. We use the same notation as in the proof of Theorem 3.1. We first show that (3.3) 
holds in T^{M.'^^). In fact, since iv is concave and co^^ is convex, by the Jensen inequality 
and the Holder inequality, for each k G Z and j G Ik, we have 

^~^(t^—\ [ ^i-^{>'k,jak,j)ix)) dx] <l^A [ A{Xk,jak,j){x)dx 

^ |Afcj| II „ II ^ \Xk,j\ 

From this and the continuity of co together with the subadditive property of lj and A, it 
follows that 

/ M / - y2 ^kjCLkj (x) dx 

< I '^{A{Xk,jak,^){x))dx< \BkA^{ \B UIB ^^-^^ 

\k\ + \3\>N-'^" \k\ + \3\>N ^' k,j\fJ\.\ k,j\)J 

as AT —> DO, by (3.5). Now for any e > 0, by the fact that u is of upper type 1 and (3.6), 
there exists iVo G N such that when N > Nq, 




f - Y ^kj'^kj 
\k\+\j\<N 



(x) < 1, 
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which imphes that when N > Nq, \\f — ^\k\+\j\<N ^k,jO'k,j\\T^(M"+''-) — ^- Thus, (3.3) holds 
in T^{Rl+^). 

We now prove that (3.3) holds in rf(R"+^). For the case p G (0,1], notice that 
{AfcjIfcezjG/fc are independent of uj. In this case, letting akj = 2~''\Bk,j\~^^P fxA^j 
and Afej = 2''\Bk,j\^^^ , we then have that {akj}k£Z,j£ik are (p, g)-atoms, where q £ 
(p, oo) n [l,oo), and T^kez^jf^h^^'^'jl^ ^ "•^IIt|'(k"+1)' "^^i^^ combined with the fact 



that Xkjakj = '^k,jCik,j implies that (3.3) holds in Tl* (M"^^) in this case. 

Let us now consider the case p E (l,oo). To prove that (3.2) holds in TP{RI+^), it 
suffices to show that for any /? > 0, there exists iVo G N such that ii N > Nq, then 



|fe| + |j|>JV 









\k\Mj\>N 



(3.7) 



To see this, noticing that {Akj}kei^,jeik are disjoint, hence, we have 

kezjeh 



(3.8) 



Write Hiv^i = J2k<-N,jeh f^^k,, ^"^^ ^^-2 = J2k>N,j€h estimate the term 

Htv,!, let q be the conjugate index of p and h G T2 (M!ji"'"^) with ||^||'j^9(]jn+i^ < 1. Notice 

that for each k < -N, A^j C 0*^)^, and hence suppHAr^i C 0*^)^ = TZ{FZj^). Prom 
this, (3.8), Lemma 3.1 and the Holder inequality, we deduce that 



{^N,l,h)\ < If 
JJ-R 

Jf 

< [ A{f)ix)A{h){x)dx 
Jf.n 



Yl ifXA,J{y,my,t) 
k<-N,jsIk 



dy dt 



IF.mJ JT(x) 



E UXA,,){y,my,t) 

k<-N,jeIk 



dy dt 



dx 



i/p 



< { I [AifKxWdx 

F-N I 



which implies that 



|HAr,l||7|'(]Rn+l) 



< 



1/p 



\A{!){x)Ydx 



Then by the Lebesgue dominated convergence theorem, we have 

0, 



lim Hat.i lrP^iun+i\ 



which implies that there exists A^i € N such that if A'" > iVi, then ||Hjv,i||2np^]gn+i^ < /3/3. 
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For the term Hjv,2, notice that for each k > N, A^j C and hence, suppHjv,2 C O^, 
which together with (3.8) imphes that 



ITT IIP 



k>N,jeIk 



dx< [ [A{f)ix)]P dx. 
Jotr 



Since |0^| < \On\ — OasiV — oo, by the continuity of Lebesgue integrals (or the 
Lebesgue dominated convergence theorem in measures), we have 

which imphes that there exists N2 E'N such that if A?^ > N2, then ||Hiv,2||7|(]R"+i) < /3/3. 
Now let Hjv,3 = ^-Ni<k<N2,\k\+\j\>N fXAk,r Since Akj C Bkj, by (3.8), we obtain 



-Ni<k<N2,\k\ + \j\>N 

[Aif){x)]Pdx. 



dx 



'U-iVi<fc<iV2, |fc| + |3|>iV ^k,j 

Prom the Whitney decomposition, it follows that for each fixed A;, 

Ei^*^.^i^Ei^^.^i^|o^i^|Ofci<°°' 

j&lk j&h 



and hence, limAr^oo Z]{je/fc; |j|>iv} \^k,j\ = 0, which implies 



that 



lim 

N—fOo 



U -^fc'i 

-Ni<k<N2,\k\ + \j\>N 



< lim y V \B, 



0. 



-Ni<k<N2 \j\ + \k\>N 



Applying the continuity of Lebesgue integrals (or the Lebesgue dominated convergence 
theorem in measures) again, we obtain 

^im^ ||Hjv,3||r|'(M:|;+i) = 0> 

which implies that there exists A'^s G N such that if > N^, then ||HAr^3|| j^p/j^n+ix < j3/3. 



Letting A^o = max{A''i, A^2; -^3} and noticing that when A^ > Nq, 



E 

|fe|+|j|>JV 



E \f^Ak,j 
\k\+\j\>N 



L 2 ) 



we then obtain (3.7), which completes the proof of Proposition 3.1. 



□ 
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As a consequence of Proposition 3.1, we have the following corollary which plays an 
important role in this paper. 

Corollary 3.1. Let u satisfy Assumption (A). If f e r^(M!|:+^) n r|(M![+^), then f G 
T^{Wl+^) for allpe [1,2], and hence, the decomposition (3.3) holds in r|'(M!^+^). 

Proof. Observing that u is of upper type 1, we have 

/ [A{f){x)f dx < f A{f){x)dx+ [ [Aif){x)fdx 

JR" J{xeM":A(f){x)<l} J{xeM":A(f)ix)>l} 



< [ u;{A{f)ix))dx + \\ff^, <oo, 

J{xeM":A{f){x)<l} + ' 



which implies that / G (M"'^''^). Then by Proposition 3.1, we have that the decomposition 
(3.3) holds in T|'(M!^+^), which completes the proof of Corollary 3.1. □ 

In what follows, let T^(M!|i+^) and r|'''=(M!f.+^) denote the set of aU functions in r^(M!f.+^) 
and (M""*"^) with compact supports, respectively, where p G (0, oo). 

Lemma 3.3. (i) For all p e (0, oo), T^'^iRI^^) C T^'^iM.'l^'^). In paHicular, if p G (0,2], 

then T^'^W^^) coincides with tI'^W"^^). 

(ii) Letuj satisfy Assumption (A). Then T^{R']^^) coincides with T^'" {R"]^^) . 

Proof. By (1.3) in [12, p. 306], we have T^'\W+^) C tI'^^R"^^) for all p G (0, oo). If p G 
(0,2], then from the Holder inequality, it is easy to follow that T^'^^Wi;!^'^) C T^'^^RX^^). 
Thus, (i) holds. 

Let us prove (ii). To prove r^(M!;.+^) C r2^'''(M'|+^), by (i), it suffices to show that 
r^(M!f.+^) C r|''^(M!^+^) for certain p G (0,oo). Suppose that / G T^{R^^) and supp/ C 
K, where is a compact set in M""*"^. Let B be a ball in R" such that K C B. Then 
supp .4(7) C B. This, together with the lower type property of u, yields that 

[A{f ){x)]P- dx= [ [A{f ){x)]P" dx+ [ 

J{xeW^:A{f){x)<l} J{xeT&'^:A{f){x)>l} 

<\B\+ [ u{A{f){x))dx<<x^. 



That is, / G T^^'^iRl^^) C T^'^Rl-^^). 

Conversely, let / G T2^'^(M""^^) supporting in a compact set K in R"^"*^. Then there 
exists a ball B such that K C B and supp^(/) C B. This, together with the upper type 
property of lo, yields that 

/ uj{A{f){x))dx < I u{l)dx+ j A{f){x)dx 

jffi" J{xeW:AU){x)<i} J{xem.^:AU){x)>i} 

^ l^l + ll/II'r](H;+i) <oo> 
which implies that / G T^(MJ_^^), and hence, completes the proof of Lemma 3.3. □ 
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4 Orlicz-Hardy spaces and their dual spaces 

In this section, we always assume that the Orhcz function lo satisfies Assumption (A). 
We introduce the Orhcz-Hardy space associated to L via the Lusin-axea function and 
estabhsh its duahty. Let us begin with some notions and notation. 

Let Sl be the same as in (1.3). It follows from Lemma 2.4 that the operator Sl is 
bounded on L^(M"') for p G {pl,Pl)- Hofmann and Mayboroda [22] introduced the Hardy 
space HliW) associated to L as the completion of {/ G L'^{W') : Sif G L'^iW')} with 
respect to the norm = ||<Sl/||li(M")- 

Using some ideas from [17, 22], we now introduce the Orlicz-Hardy space Hi^^l{W^) 
associated to L and lo as follows. 

Definition 4.1. Let uj satisfy Assumption (A). A function f € L^(M") is said to be in 
Huj^l{^^) if Shf € L{ui); moreover, define 

The Orlicz-Hardy space Hi^^iiW^) is defined to be the completion of Hi^^l{^^) in the norm 

II • lli?..,L{K")- 

In what follows, for a ball B = B{xbjTb), we let Uq{B) = B, and for j G N, Uj{B) = 
B{xB,2^rB)\B{xB,2^-^rB). 

Definition 4.2. Let q G {pl,Pl), M G N and e G (0, oo). A function a G L'?(M") is called 
an (w, q, M, e)-molecule adapted to B if there exists a ball B such that 

(i) MlLHU.m ^ 2-i^|2^-i?|V'/-ip(|2is|)-i, j e Z+; 

(ii) for every k = 1, - ■ ■ ,M and j G Z_|_, there holds 

\\{r^'L-yah.^u,m < 2-^-^|2^5|V«-i[p(|2^B|)]-\ 

Finally, if a is an (w, q, M, e)-molecule for all q G (j>l,Pl), then a is called an {to, oo, M, e)- 
molecule. 

Remark 4.1. (i) Since lo is of strictly lower type Pi^j, we have that for all /i, /2 G iJ|^^L(M"), 

ll/l +/2||^^_^(]Rn) < ll/l|l?r„,i(lR") + ll/2||^^_^(]Rn)- 

In fact, if letting Ai = ||/i||^' ^(Rn^ and A2 = ||/2||^ l(M")' subadditivity, the 

continuity and the lower type p^, of w, we have 

jRn \ (Ai + A2) Vp- j ^ V V (Ai + A2) Vp- j 

^ A, r ^fsumh] 
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which implies ||/i + /2|k„,i(R") < (ll/i||?r„,i(R") + ll/2||^^^(Mn))^/^", and hence, the desired 
conclusion. 

(ii) From the theorem of completion of Yosida [44, p. 56], it follows that i?(^.i(R") 
is dense in i/(^.i(R"), namely, for any / G i/(^.i(M"), there exists a Cauchy sequence 
{fk}kLi C i?a;,L(M") suA that limfc^o^ l|A - /k.,^(R") = 0. Moreover, if {/J^^i is 
a Cauchy sequence in Hi^^l{W^), then there uniquely exists / G H^^^lC^"') such that 
limjfc^oo ll/fe - /||if„,i,(R") = 0. 

(iii) If LL>{t) = t, then the space i?(^^L(M") is just the space Hl{W) introduced by 
Hofmann and Mayboroda [22]. Furthermore, when uj(t) = f for all t G (0, oo) with 
p G (0, 1], we then denote the space H^^l{R"-) simply by iJ£(M"). 

4.1 Molecular decompositions of f/j^ ^(R") 

In what follows, let L^(M"+^) denote the set of all functions in L'^i^^^) with compact 
supports. Recall that w is a concave function of strictly lower type p^;; where G (0, 1]. 

Proposition 4.1. Let lo satisfy Assumption (A), M G N and M > — \), and ttl,m 
he as in (1.4). 

(i) The operator 'Kl,m, initially defined on T2^(K^^), extends to a hounded linear 
operator from (M"^^) to L^iW^), where p G {pl,Pl)- 

(ii) The operator 7rL,M, initially defined on r^(M"^^), extends to a hounded linear op- 
erator from T^{Wl+^) to iJ^,L(M"). 

Proof. Let G N. By Lemma 2.4 and a duality argument, we know that the operator 
S^. is bounded on (M") for p G {pl*,Pl'), where ^ + ^ = 1 = ^ + ^-. 

Let / G r|''''(M!|:+^), where p G {pl,Pl)- For any g G L«(M") nL2(M"), where i + J = 1, 
by the Holder inequality, we have 

/ ■^L,Mif){x)g{x)dx 

< / ^(/)(x)5*l+l5(^)c^^<P(/)llLP(R«)||5*!+^5llL.(Rn) 

~ II/IIt|'(r:;:+1)II5||l9(R"), 

which implies that 7rL,M maps T2'^{MJ^^) continuously into LP(]R"). Then by a density 
argument, we obtain that tt^^m is bounded from (M""^^) to I/iW^). This proves (i). 

Let us prove (ii). Assume that / G T^(M"+^). By Theorem 3.1, we have / = 
YlJLi pointwise, where {Aj}^-|^ and {aj}J^^ arc as in Theorem 3.1 and A{{Xjaj}j) < 
II/IIt;^(r"+^)- From Lemma 3.3 (ii), it follows that / G '^(M![^^^), which together with (i) 
and Corollary 3.1 further implies that 

oo oo 

7rL,M(/) = >^jTTL,M{aj) = ^ Xjaj 



II 

J JR 



71 + 1 



f{y,t){fL' 



\M+l-t^L' 



9{y) 



dydt 
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in LP{W) for (pl,2]. 

On the other hand, notiee that the operator Sl is bounded on L^(M"), which together 
with the subadditivity and the continuity of co yields that 



(4.1) 



We claim that for any fixed e G (0, oo), aj = 'KL,M{aj) is a multiple of an (w, oo, M, e)- 
molecule adapted to Bj for each j. 

In fact, assume that a is an (w, oo)-atom supported in the ball B = B{xb, vb) and q G 
{pl,Pl)- Since for q G (pl, 2), each {uj, 2, M, e)-molecule is also an {to, q, M, e)-molecule, to 
prove the above claim, it suffices to show that a = t^l,m{o) is a multiple of an (w, q, M, e)- 
molecule adapted to B with q G [2,pl). 

By (i), for i = 0, 1, 2, we have 

ll"l|l,9(;7,(B)) = hL,Mi(^)\\Li{Ui{B)) ^ IIoHtKr^+I) < 1^1 ^^''""^ [p(l^l )]~^ • 

For i > 3, let q' G (1,2] being the conjugate number of q and h G L^' (R'"") satisfying 
II^IIl9'(M") — -'- supp/i C Ui{B). By the Holder inequality and Lemmas 2.1 and 2.3, 
we have 

\{7^L,M{a),h)\ 



< 



< 



/ / \a{x,t){t'^L 
Jo Jb 



\\Aia)\\L,^Rn)\\AixBit L 



ih)ix)\ 



dx dt 



2 T*\M+l-t^L 



< 



|5|l/9'-l/2 



Jb 



e 



2t* , dxdt\^^'^ 



ih){x,t)\^ 



- 



< ||a|U<,..„+iJB|W-V2 



rB 



n(l/2-l/q') 



exp 



dist {B,Ui{B)f 



^dtV'' 



2Vb 



2{e+n/p^-n/q) 



< 2-"|2*fi|^/''-i[p(|2*5|)]-\ 



(4.2) 



which implies that a satisfies Definition 4.2 (i). 

We now show that a also satisfies Definition 4.2 (ii). Let k G {1, • • • , M}. If i = 0, 1, 2, 
let h be the same as in the proof of (4.2); similarly to the proof of (4.1), we have 



{{r] 



dx dt 



< 



P(a)||L.(M")l|5i: 



M+l-k 



Li' (R") 
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which is the desired estimate, where we used the Holder inequality and Lemma 2.4 by 
noticing that q' G {pL*,2]. If i > 3, an argument similar to that used in the estimate of 
(4.2) also yields the desired estimate. Thus, a = TTL,MicL) is a multiples of an (LO,q,M,e)- 
molecule adapted to B with q £ [2,pl), and the claim is proved. 

Let q G {pl,Pl) and e > n(:^ — where is as in Convention (C). We now claim 
that for all (a;, g, M, e)-molecules a adapted to the ball B = B{xb, tb) and A G C, 

|A| 



uj{\\\SL{a){x))dx < \B\lo 



\B\pi\B\ 



(4.3) 



Once this is proved, then we have ||Q;||ij„ ^(m») < 1, which together with (4.1) further 
implies that for all / G r^(M!f.+^), 



w(<SL(7rL,M(/))(a;)) dx <^ \Bj\u 



Thus, for all / G T^{Rl+^), we have 

which combined with a density argument implies (ii). 

Now, let us prove the claim (4.3). Observe that if g > 2, then an {lo, q, M, e)— molecule 
is also an (oj, 2, M, e)— molecule. Thus, to prove the claim (4.3), it suffices to show (4.3) 
for q G (j'L,2]. To this end, write 



/ 

Jk 



cji\X\SLia)ix))dx 

<[ u;{\X\SL{[I-e-'-B^]'^a){x))dx+ [ io{\X\SL{{I - [I - e-'-B^]^)a){x)) dx 

oo „ 

<^ / ui\X\SU[I-e-^l^r{axu,iB))){x))dx 

._„ jRn 



j=0 
oo 



+ sup / u { \X\Sl 



k_ 
M' 



M 



(Xc/,(B)(r^'i-')^«) Wx)) dx 



j=0 j=0 

For each j > 0, let Bj = 2^ B. Since lo is concave, by the Jensen inequality and the 
Holder inequality, we obtain 



oo „ 

<E / u;{\X\SL{[I-e-^BL^''{axu,(BMx))dx 

oo „ 
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By the proof of [22, Lemma 4.2] (see [22, (4.22) and (4.27)]), we have that for A; = 0, 1, 2, 
and for k > 3, 

/ \ 4M+2(n/2-n/g) 

which, together with Definition 4.2, 2Mpi_^ > n(l — •p^j'i) and Assumption (A), imphes 
that 



fc=3 

oo 



fc=3 

|A| 



|2^S,|V'^|S,|i-V.p(|i?^.|) 

}'^-''"'(rB,|p(|B, 



|i?,|p(|i?,| 

Since p is of lower type 'Vj'Puj — 1 and e > n{l/pi^ — 1/iL), we further have 



oo 



< V2~^'^''^'2-'"(^~f'^/P'^)|S|a; ( ^ < \B\u ( — ^ . (4.4) 



j=0 

Similarly, we have 

|A| 



j=0 



.\B\p{\B\)), 

which completes the proof of (4.3), and hence, the proof of Proposition 4.1. □ 

Proposition 4.2. Let lj satisfy Assumption (A),e> n(l/p(^ — l/p+) and M > "^{-^ — i). 
/// G i?<^,L(M")nL2(]R"), then f G LP(M") for allp G {pL,2] and there exist (a;,oo,M,e)- 
molecules {aj}^^ and numbers {Xj}^^ C C such that 

oo 

/ = J]A,a,- (4.5) 

3=1 
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in both Hi^^l{W^) and U'{W^) for allp G 2]. Moreover, there exists a positive constant 
C independent of f such that for all f G iJa;,L(M") n L'^{MP), 

A({A,-a,b) ^ inf < A > : f; \B^\u: < i| < C||/||^^_,(m„), (4.6) 

where for each j, aj is adapted to the ball Bj . 

Proof. Let / G H^,l{^'') n L'^{W). For each AT G N, define Oat = {{x,t) G M++^ : |x| < 
N, 1/N <t<N}. Then by the L2(M" )-functional calcuh for L, we have 

POO Ij. 

f = CM {t'Lr+\-^''^f^= lim ^i^MxoAt'Le-^'^f)) 

Jo t N^oo 

in L^(M"'), where M G N, 7rL,M and Cm are as in (1.4). 

On the other hand, by Definition 4.1 and Lemma 2.4, we have t^Le"* ^/ G r|(M!|:+^) n 
r^(M++^). An apphcation of Corollary 3.1 shows that t'^Le'^^^f G T^{M.1'^'^), which 
together with Proposition 4.1 (i) implies that {'n'L,M{xON{^'^^^~^^^ f))}N is a Cauchy 
sequence in L^(M"). Then via taking subsequence, we have 

/= hm TTLMxoAt^Le-'^'^f)) 

N—^00 

in LP{W). 

Now applying Theorem 3.1 and Proposition 3.1 to t^Le~^ ^f, we obtain {uj, oo)-atoms 
{aj}°^i and numbers C C such that t'^Le-^^^f = Y^JLi^j^j in r|'(M!^+^) and 

A{{Xjaj}j) < ||i^Le~* ^/IItu;(]R"+^)' which combined with Proposition 4.1 (i) further yields 
that 

oo oo 

/ = TTLMt'Le-'^'^f) = ^ XjTTlM^^j) ^ Ai«.- (4.7) 

3=1 j=l 

in L^(M") for p G (pL,2]. By the proof of Proposition 4.1, we know that aj is a multiple 
of an (cj, oo, M, e)-molecule for any e > 0, and M G N and M > ^{j — ^). Notice that 
A{{Xjaj}j) = A{{Xjaj}j). We therefore obtain (4.6). 

To finish the proof of Proposition 4.2, it remains to show that (4.5) holds in H^J^L(M^'^). 
In fact, by Lemma 2.4, (3.5), (4.3) and (4.7) together with the continuity and the subad- 
ditivity of w, we have 

/ Pl / - V Xjaj \ {x)\ dx < V / u {SL{Xjaj){x)) dx 

as iV oc. Wc point out that here, in the last inequality, to use (4.3), we need to 
choose Pij as in Convention (C) such that e > n{l/p^ — l/puj), which is guaranteed by the 
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assumption e > n{l/p^ — This combined with an argument similar to the proof 

of Proposition 3.1 yields that / = X^^i AjCKj in i?t^^i(M"), which completes the proof of 
Proposition 4.2. □ 

Corollary 4.1. Let uo satisfy Assumption (A), e > n{l/p^ — l/p^), q G {pl3l) o.nd 

M > ^). Then for every f G H^^l(W''), there exist {uj,q,M,e) -molecules {aj^JL^ 

and numbers C C such that f = X^j^i '^j^^j -f^u),L(K"). Furthermore, if letting 

A{{Xjaj}j) be as in (4.6), then there exists a positive constant C independent of f such 
that A({A,a,},) < Cll/ll 

Proof. If / e H^^l{R^) n L^(M"), then it immediately follows from Proposition 4.2 that 
all results hold. 

Otherwise, there exist {fk}k'=i C n L'^{W)) such that for all /c G N, 

Set /o = 0. Then / = Efcli(/fe - fk-i) in i^a;,L(K"). By Proposition 4.2, we have that for 

all ken, fk - fk-1 = T.T=i^j^' in H^,l{^^) and A{{X^a>;},) < ||A - 

where for all j and k, ctj is an {lo, q, M, e)-molecule. Thus, / = "^^j^j i^ H^^l(W^), 

and it further follows from Remark 3.1 (ii) that 

oo oo 



k=l k=l 



which completes the proof of Corollary 4.1. □ 

Let i?2'^'^(M") denote the set of all finite combinations of (a;, q, M, e)-molecules. From 
Corollary 4.1, we immediately deduce the following density result. 

Corollary 4.2. Let uj satisfy Assumption (A), e > n{l/p^ — 1/p'^) and M > — 
Then the space H^'^/{W) is dense in the space Hi^^l{R'^). 

4.2 Dual spaces of 

In this subsection, we study the dual space of the Orlicz-Hardy space IL^^l{R"')- We 
begin with some notions. 

Following [22], for e > and M G N, we introduce the space 



where 



r M 

/^IU^^(L) = sup { 2^'^|i?(o,2^y/V(|i?(o,2^')i) ii^-ViIl2([/,(s(o,i))) 



3>0 



k=0 



Notice that if G M.u''^{L) with norm 1, then (f) is an (a;, 2, M, e)-molecule adapted 
to B{0, 1). Conversely, if a is an (a;, 2, M, e)-molecule adapted to certain ball, then a G 
M^'\L). 
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Let At denote either (I + t^L)'^ or e"*"^ and / G {M^'\L)y , the dual of M^f'^L). 
We claim that (/ — A*)^ f G L^^^ (M") in the sense of distributions. In fact, for any ball 
B, if ^ L?'{B), then it follows from the Gaffney estimates via Lemmas 2.1 and 2.2 that 



(I - At)^^ G M^'\L) for all e > and any fixed t G (0, oo). Thus, 



|((/- A*r/,^)l ^ !(/,(/- < C^(i,rB, dist(5,0))||/||(^ 

which implies that (/ - A^)^ f G L]^^ (M") in the sense of distributions. 
Finally, for any M G N, define 



e>n(l/p„-l/pi) 



Definition 4.3. Let q G {pl,Pl), ^ satisfy Assumption (A), p be as in (2.4) and M > 
f - i). A functional f G A^^^(M") is said to be in BMO^'f (M") if 



1 



BMO^;f( 



sup 



where the supremum is taken over all balls B of MP. 



— j^\{I-e-^BL)^f{x)\'^dx 



< oo. 



In what follows, when g = 2, we denote BMO^';^(]R") simply by BMO^^(R"). The 
proofs of following Lemmas 4.1 and 4.2 are similar to those of Lemmas 8.1 and 8.3 of [22], 
respectively; we omit the details. 

Lemma 4.1. Let lo, p, q and M be as in Definition 4-3. A functional f G A1^^(M"') C 
BMO^'f (M'^) if and only if 



77^ \w\ I \{I-{I + rlL)-Tf{x)\'^dx 
BCIR" P\W\) Ll-°l Jb 



1/9 



< OO. 



Moreover, the quantity appeared in the left-hand side of the above formula is equivalent to 

II/IIbMO^'J (M")- 

Lemma 4.2. Let u, p and M be as in Definition 4-3. Then there exists a positive constant 
C such that for all f G BMO^^(M"), 



BcR" P[\B\ 



1 



B 



— I l\{t'Lre-''^f{x 



dx dt 



B 



1/2 



^ C\\f\\BMOfj^{W^)- 



The following lemma is a slight variant of Lemma 8.4 and Remark of Section 9 in [22]. 

Lemma 4.3. Let oj, p and M be as in Definition 4-3, q G {pL*,'2\, e, ei > and M > 
M + ei + f . Suppose that f G M^^*(M") satisfies 



I 



\ii-{i+L*)-^rfix)\^ 

1 + 



dx < oo. 



(4.8) 
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Then for every (co, q', M, e)-molecule a, 

if, a) = Cm [f {t'L*)'^e-''^*f{x)t^Le-t'^a{x)^, 

where q' G [2, oo) satisfying \/q + l/q' = 1 and Cm is a positive constant satisfying 

Proof. If we let uj{t) = t for all t G (0, oo), then this lemma are just Lemma 8.4 and 
Remark of Section 9 in [22] . 

Otherwise, let a be an (cj, q' , M, e)-molecule adapted to a ball B. Then from Definition 
4.2, it is easy to see that p{\B\)a is an (tl;, g', M, e) -molecule, where Lo{t) = t for all 
t G (0, oo), and hence Lemma 4.3 holds for p{\B\)a, which implies the desired conclusion 
and hence, completes the proof of Lemma 4.3. □ 

From Lemma 4.1, it is easy to follow that all / G BMO^'j^(M") satisfy (4.8) for ah 

ei G (0,oo), and hence. Lemma 4.3 holds for all / G BMO^'f (M'^). 
Now, let us give the main result of this section. 

Theorem 4.1. Let lo satisfy Assumption (A), p be as in (2.4), e > n{l/p^ — 1/p^), 
M > f - I) and M > M + f . Then (lf^,L(M"))*, the dual space of H^,l{'^''), 
coincides with BMO^^* (M") in the following sense: 

(i) Let g G BMO^^*(M"). Then the linear functional £, which is initially defined on 

<£'(K") by 

e{f) = {g,f), (4.9) 

has a unique extension to Hi^^l{W^) with ||-^||(_ff„ ^(r"))* < C'H^Ubmo* ^»(R")) where C is a 
positive constant independent of g. 

(ii) Conversely, for any £ G (i7^,L(M"))*, then £ G BMO*^^. (R"), (4.9) holds for all 

BMO'^^«(M") — ^M\\(h^,l{^"-))* ' where C is a positive constant 

independent of £. 

Proof. Let g G BMO^^^W). For any / G -ffJ^''(K") C i7a;,L(K"), we have that 
/ G L2(M") and hence, t^Le-^'^^f G {T^[W+^) n r|(M!J:+^)) by Lemma 2.4. By Theorem 
3.1, there exist C C and (w, oo)-atoms {oj^'^^ supported in {Bj}^^ such that 

(3.4) holds. Notice that g satisfies (4.8) with q = 2 (by Lemma 4.1), which, together with 
Lemmas 4.2 and 4.3, the Holder inequality and Remark 3.1 (iii), yields that 



I (5,/) I 



Cm 1 1 Jt'LTe-^'^*g{x)t-Le-t^^f{x)^ 
°° " " dxdt 



^El^^l // WL*re-^'^'g{x)^J{^)\^ 
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00/ \ -^/^ 

00 

~ E I'^jlllf IIbMO^^,(IR") ~ \\t^Le * ^/||7;^(]Rn+i)||9'llBMO^^,(IR") 

i=i 

~ ll/lka.,z,(R")ll5'llBM0^^4K")- (^-10) 

Then by a density argument via Corollary 4.2, we obtain (i). 

Conversely, let £ £ {{{^^^^{W^))* . For any (cj, 2, M, e)-molecule a, it follows from 4.3 
that < 1. Thus \£{a)\ < ||^||(//„,^(m«))* , which implies that i G A^f^i.(M«). 

To finish the proof of (ii), we still need to show that i G BMO^^.(M"). To this end, 
for any ball B, let e L''{B) with ||0||l2(b) < ^^^1/2^^^^^) and 5 = (7 - [7 + r|L]-i)^,^. 
Then from Lemma 2.3, we deduce that for each j G Z+ and A; = 0,1, ••• ,M, 

||(r|L)-^5|U.(^^(s)) = 11(7- [/ + r|L]-i)^-^(/ + r|L)-V||L2(t/,(i.)) 



disl (D.U.lD j) 

e^Pi ^^^^^^ MI'^IM^) 



< 2-2.?(M+e)2.7n(l/p.^-l/2) ^ < 2-2je_ 



|2iS|i/2p(|2i5|) ~ |2iS|V2p(|2iS|)' 

where c is as in Lemma 2.3 and 2Af > n(l/p^ — 1/2). Thus 3 is a multiple of an (w, 2, M, e)- 
molecule. Since (I - ([/ + t^L]~^)*)^^£ is well defined and belongs to L\^^{R"') for any 
fixed t > 0. Thus, we have 

[(/ + r|L)-i]*)^£,</.)| = \{£,{I-[I + rlLr'r<P)\ = \{i,a)\ < , 

which further implies that 

W) {w\ L^^^ ~ ^ '^'') 

'i,iI-[I + rlL]-^^^ 



sup 

lL2(fl)<l 



\B\y^p{\B\) 



~ IKII(ifa.,Z,(]R"))* 



Thus, ^ G BMO^^, (M") and ||-^||bmo*^ ,(R") ~ z,(]R"))* > which completes the proof 

of Theorem 4.1. □ 

Remark 4.2. It follows from Theorem 4.1 that the spaces BMO^^(M") for all M > 
f (pb ^ I) coincide with equivalent norms. Thus, in what follows, we denote BMO^^(M"') 
simply by BMOp,L(K")- 

5 Several equivalent characterizations of H^j^ii^^) 

In this section, wc establish several equivalent characterizations of the Orlicz-Hardy 
spaces. Let us begin with some notions. 
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Definition 5.1. Let q G {pl,Pl), ^ satisfy Assumption (A), M > — ^) and e > 

n{l/pu, - A distribution f G (BMOp,L*(M"))* is said to be in the space H^'^'^R"') 

if there exist {Xj}^^^ C 
in (BMOp,L.(M"))* and 



So 

if there exist {Aj}^^ C C and {uj,q,M,e)— molecules {ojl^i such that f = 5^,=i A^a^ 



A({A,a,},) = inf |a>0: J2\Bj\^ 



|A,| 



Al^ilpd^il) 



< 1 > < oo, 



where for each j , aj is adapted to the ball Bj. 
If f & H^'^''^{M.'^), then define its norm by 



= miA{{Xjaj}j), 



where the infimum is taken over all possible decompositions of f as above. 

For any / G L^(M'*) and x G M'*, define the Lusin-area function associated to the 
Poisson semigroup as follows, 



/ \ 1/2 

Spfix) ^ [ I [^^^ |tVe-*^/(y)pi^ j . (5.1) 



Let P G (0,oo). Following [22], we define nontangential the maximal operators by 
setting, for all / G L2(M") and x G M", 

sup (j^f \e-'''^g{z)\'dz] (5.2) 

{y,t)er0{x)\[Pt) JB{y,S3t) ) 

and 

Ml.g{x)^ sup ( / \e-'^S{ztdz\ . (5.3) 

In what follows, we denote Mj^ and Mp simply by Mh and Mp. 

We also define the radial maximal functions by setting, for all / G L^(M") and a; G M**, 



Unfix) ^ sup 1 / |e-*'^/(y)|2 dy (5.4) 
t>o \ r" JB(x,t) ) 



and 

1/2 



^ / |e-*^/(y)pdy) . (5.5) 

t JB{x,t) ) 



Similarly to Definition 4.1, we define the space i?^;^5p(M") as follows. 
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Definition 5.2. Let ui satisfy Assumption (A). A function f G L^(M") is said to be in 
-ffa;,5p(l^") if ^p{f) € L{u); moreover, define 

H^,sA^r.^ ^ WMDhi.) = inf |a > : u; (^^^iDM.^ dx < 1 

The Orlicz-Hardy space iJ|^^5p(M") is defined to be the completion of H^^^SplW^) in the 
norm \\ ■ |U„_5^(R"). 

The spaces H^^^iW"), H^^p(W), i?^,7ejM") and i^^,7^p(M") arc defined in a similar 
way. We now show that all the spaces lfc.,L(K"), i^^;f''(M"), //^,5p(M"), H^^Md^""), 
Hu>,Arp{^'^), H^^Ti^{W^) and Hu^Tip{W^) coincide with equivalent norms. 

5.1 The moleculcir chciracterization 

In this subsection, we establish the molecular characterization of the Orlicz-Hardy 
spaces, which gives some understanding of the "distributions" in Hi^^l(M.'^) as elements of 
the dual of BMOp^L*(M"). We start with the following auxiliary result. 

Proposition 5.1. Let uj satisfy Assumption (A). Fix t G (0, oo) and B = B{xo,R) for 
some xq G M" and R > 0. Then there exists a positive constant C(t,R) such that for all 
(j) e L2(M") suppoHed in B, t^Le'^''^^ e BMOp,L(M") and 

\\t^Le-'''^ct>\\^MO,M^r.) < C{t,R)m^,^^y 
Proof. Let M > - ^). For any ball B = B{xB,rB), let 

X 1/2 



H 



For the case when rs > R, from the L^(lR")-boundedness of the operators e '^b^ and 
t^Le~^^^ (Lemma 2.2), it follows that 

H< ' 



|B|i/V(|B|) " '"■'<">■ 
Let us consider the case when rs < R- It follows from the upper type property that 

/ R\ '^(i/Pa.-i/2) 

\B\'/'pi\B\) < i^^j \B\'/'pm)- (5.6) 

On the other hand, noticing that I — e~^B^ = Le~^^ dr, thus by the Minkowski 
inequality and the L^(M" )-boundedness of t^Le~^^^ (Lemma 2.2), we have 
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(2 2 
Jb Jo Jo 

JO JO 



2 \ 1/2 

dx 

2M 



By the fact that M > f — 5) and the estimates (5.6) and (5.7), we obtain 



H < 



\B\y^p{\B\) 



Thus Wt'^Le *^^^||bmOp z,(R") ^ C'(t, i?)||0||^2(5)' which completes the proof of Proposi- 
tion 5.1. □ 

Theorem 5.1. Let q € {pl,Pl), ^ satisfy Assumption (A), M > '!^{-^ i) and e > 

n(l/p(j — l/p+). Then the spaces H^^^LiW^) and H'^^''^ {W^) coincide with equivalent norms. 

Proof. By Corollary 4.1, for all / G H^^l(^^)i there exist (cj, (7, M, e)-molecules {aj}Y=i 
adapted to balls {Bj}Jl^^ and numbers {Aj}^]^ C C such that / = X^^i AjOj in H^^^L{EP') 
and K{{\jaj}j) < ^(R")- Then Theorem 4.1 implies that the decomposition also 

holds in (BMOp,L* (M"))*, and hence, lf,^,L(M") C //^'jf''(M"). 

Conversely, let / e ''(M"). Then there exist {Aj}°^i C C and (w, M, e)-molecules 
such that / = ^j^ ^ XjUj in (BMOp,L*(M"))* and 



A({Ajaj}j) = inf < 



00 y 
A>0: 5]|S,|u;( 

.7=1 ^ 



|A,I 



A|i?,|p(|i?, 



< 1 > < 00, 



where for each j, is adapted to the ball Bj. 
For all a; G M", by Proposition 5.1, we have 



SLf{x) 



00 2 

fLe-'''\f) 







L^{B{x,t)) t"+l 



1/2 



Jo 



sup 

\\L^(B(x,t)) 



<1 







{r( 


sup 







^A,a,,t^re-*^^*< 
\i=i 



t^Le~^^^Xjaj,< 



1/2 



(it 



1/2 



<^5L(A,a,)( 



a; 



Then from (4.3) together with the continuity and the subadditivity of w, it follows that 



» 00 „ 00 

7M" . ^ jRri 
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which impUes that ^(R") ^ By taking the infimum over all decompo- 

if„r(iR") ^ ll/IL«.M...„„., which completes the 



sitions of / as above, we obtain that 
proof of Theorem 5.1. 



□ 



5.2 Characterizations by the mcLximal functions 

In this subsection, we characterize the Orlicz-Hardy space via the Lusin-area function 
Sp and the maximal functions Mh, A/p, TZh and TZp. Let us begin with the following very 
useful auxiliary result on the boundedness of linear or non-negative sublinear operators 
from i?"a;,L(K") to L{u). 

Lemma 5.1. Let q G {pL, 2], lo satisfy Assumption (A), M > — i) and e > n{l/pi^ — 
1/pJ). Suppose that T is a non-negative sublinear (resp. linear) operator which maps 

L'i{W^) continuously into weak-L'^ (W^) . If there exists a positive constant C such that for 
all {LU,oo,M,e) -molecules a adapted to balls B and A G C, 



/ uj{T{Xa)ix)) dx <C\B\io 



|A| 



\B\pi\B\ 



(5.8) 



then T extends to a bounded sublinear (resp. linear) operator from H^^l{W^) to L{uj); 
moreover, there exists a positive constant C such that for all f G H^^ii^^), \\Tf\\L(u)) ^ 
C||/lk^,z,(R")- 

Proof. It follows from Proposition 4.2 that for every / G i7,^,L(M") n ^^(M"), / g L«(M") 

with q G (pl;2] and there exists {Aj}^-^ C C and (cj, cx), M, e) -molecules {oj}^^ such 
that / = J2T=i Ajaj- in both i^^,L(M") and L'?(M"); moreover, A({AjQj}j) < ||/||;^^ 



Thus if T is linear, then it follows from the fact that T is of weak type (q, q) that T{f) = 
J2'jLiT{Xjaj) almost everywhere. 



If r is a non-negative sublinear operator, then 













N 


< 


X G : 


T{f){x)-T(^Xjai^ (x) 




< 

















supt 

t>0 



as iV — oo. Thus there exists a subsequence {Nk}k C N such that 

-T(/) 



0, 




almost everywhere, as A; — oo, which together with the non-negativity and the sublinearity 
of T further implies that 

oo / \ / Nk 

T{f) - ^ T{Xjaj) = T{f) -tIY^ X,a, + ^ ^ X,a, 1 - ^ r(A,a,) 

3=1 \j=l / \3=1 J 3=1 
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which imphes that ||T(/)||i(^) < A{{Xjaj}j) < ||/||//^_i(R")- This, combined with the 
density of iJt^,L(M") n ^^(R") in then finishes the proof of Lemma 5.1. □ 

Remark 5.1. Let p £ (0,1]. We point out that the condition (5.8) is also necessary, if 
Lo{t) = for all t G (0, oo). However, for a general u as in Lemma 5.1, it is still unclear 
whether (5.8) is necessary or not. 

Theorem 5.2. Let uj satisfy Assumption (A). Then the spaces H^j^l{W^), H^^^Spi^^), 
Huj,Mh{^") md Hi_^^_\fp{W'') coincide with equivalent norms. 

Before we prove Theorem 5.2, we recall some auxiliary operators introduced in [22]. 
Let (3 e (0,oo). For any g G ^^(M") and x G M", let 



We denote Spg and Sf^g simply by Spg and Shg, respectively. 

The proof of the following lemma is similar to that of [22, Lemma 5.4]. We omit the 
details. 

Lemma 5.2. There exists a positive constant C such that for all g G L^(M'*) and x G M", 



and SLg{x) < CShg{x). 

Equivalence of i?<^,L(M") and F^,5^(M"). Let e > n{^-^) and M > §(^-^). Sup- 
pose that / G //^,5p(M") nL2(M"). It follows from (5.9) that WSpfW^^^ < ||/|U„_^^(m«). 
Moreover, since Sp is bounded on L^{W) (sec (5.15) in [22]), by (5.9), we have 




and 




Spg{x) < CSpg{x) 



(5.9) 



ll'5p/||L2(]Rn) < ||<Sp/||^2(]Rn) < ||/||L2(Kn). 
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Thus we obtain fLe-*^f e (r^(M!f.+^) n r|(M!J:+^)). Let C be a positive constant such 
that C /~i2(s+i)g-t2^2g-t^ ^ rpj^g^ L2(M")-functional calcuU, we have 

in L?(W^), where Cm is the same as in (1.4). 

Since fLe'^^f G T^(M!|:+^), by Proposition 4.1, we obtain that / G i?^,i,(M") and 

Then a density argument yields that H^^Sp{W^) C H^^l(R.'^). 

Conversely, similarly to the proof of (4.3), by using the estimates in the proof of [22, 
Theorem 5.3], we have 



/ ij{\\\Sp{a){x)) dx <\B 



\B\pi\B\)J' 



where a is an (a;, 2, M, e)-molecule adapted to the ball B and A € C. By the L^(]R")- 
boundedness of Sp and Lemma 5.1, we have ||/||h<,,5p(iR") = W'Spfhioj) ^ ll/llH<,,i(M")> 
which implies that i?t^,L(M") C H^^Spi^"")- Thus, i7tj,L(M") and H^^SpW") coincide with 
equivalent norms. □ 

In what follows, the operators ATf and are as in (5.2) and (5.3), respectively. 

Lemma 5.3. Let < /3 < 7 < oo. Then there exists a positive constant C , depending on 
(3 and 7, such that for all g G L^(M"), 

C-'\\M^g\\LH ^ Kahi.) < C||<5||lh (5.io) 

and 

C-'WM^ghi^) < \\M].g\\L(u>) < CIK^IUh- (5.11) 

Proof. We only prove (5.10); the proof of (5.11) is similar. 

Since /? < 7, for any x G M", it is easy to see that M^g{x) < {^)^M^g{x), which implies 
the first inequality. 

To show the second inequality in (5.10), without loss of generality, we may assume that 
\Wh9\\L{u,) < oo- Let a G (0,oo), 



Ea = {xe 



: M^g{x) > a} and = |x G : M{xe.){x) > | . (5.12) 



Suppose that x ^ E*. Thus for any {y,t) G r2j{x), we have B{y,j3t) ^ Ecr', otherwise. 



\B{x,3^t)\ V37 
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which contradicts with x ^ E*. Thus there exists z G {B{y,/3t) PI {Ecr)^), which further 
imphes that 

/ \ 1/2 

7^ / du < M^giz) < a. (5.13) 

For every G V^{x)^ we cover the ball B{'w,jt) by no more that N{n,P,^) balls 

{B{yi, f3t)}^J^'^''^\ where {yi,t) G T2-y{x) and N{n,P,j) depends only on n, /3, 7. Thus, 
by (5.13), we obtain 

1/2 



f 1 / |e-*'^5(z)|2dz^ 

/2JV(n,/3,7) / -I /. 

J2 [jm^ |e-*'V^)|2dz <C(n,/3,7)a, 



where C(n, 7) is a positive constant depending on n, /?, 7. From this, it follows that for 
all a > 0, {x eR"- : J^g{x) > C{n,l3,-f)a} C E*. This combined (3.2) yields that 

/ oj{Nlg{x)) dx ^ / ^dtdx^ G M" : M;ig{x) >t}\dt 

7r" Jr" Jo t Jo t 

~ r "^{{x eR^ : AfUgix) > C{n,P,^)t}\dt 
Jo 

r^\E;\dt< r^\E,\dt- I u;{N^g{x))dx, 
Jo ^ Jo ^ Jm" 



< 



which further implies that ||A/'^5'||j;,(tj) < \\-^J'l^g\\L{oj): and hence, completes the proof of 
Lemma 5.3. □ 

Equivalence of H^^l{'R"') and H^j>/^{R'^). By (3.2) and Lemmas 5.2 and 3.2, we have 

ll>5L/||L(a,) < < (5.14) 

Recall that ag denote the distribution function of a function g. The estimate (6.36) of [22] 
says that for any A G (0, 00), 

a^/2^(A)<^^ taj^0j^{t)dt + aj^p^{X), (5.15) 

where /? G (0, 00) is large enough. 

Since uj is of upper type 1, by (5.14), (3.2), (5.15) and Lemma 5.3, we obtain that 

/ u{SLf{x))dx< I u;{Sl^''f{x))dx^ [ [' ' ^dudx 

~ / a^/2Au)du 

Jo U f 
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f°° u(u) r 1 r , , , , J , 
X ~^ R Jo *X^/(*)'^* + X/(")J 

/ ta^pAt) f '^dudt+ [ uj{N^f{x))dx 

Jo Jt ^ * JR" 

/ uiJ\f^f{x))dx< [ u{Nhf{x))dx, 



which imphes that ||/||h„,z,(R") ^ ll/ll//^,Arft(R")' ^"^"^ -f^c-^Xhl^'") ^ H^,l{^")- 

Conversely, let 7?./i be as in (5.4). For all g G L^(M") and x G M", we also define 



T^h9{x) = sup 



1/2 



By the proof of [22, Theorem 6.3], we know that the operators TZh and TZ^ are bounded 
on L2(M"). 

Since Lemma 5.3 implies that for all / e L2(M") n F^,z,(M"), 

IIW||i(,) < IK^/'/IIlh < 

by Lemma 5.1 and a density argument, to show H^^l{W^) C i^(^^_/v'^(M"), it suffices to 
prove that for all {to, 2, M, €)-molecules a adapted to balls B and A G C, 



/ Lo {nh{Xa)ix)) dx<\B\ 



|A| 



Since lo is concave, by the Jensen inequality and the Holder inequality, we obtain 

/ LO {nh{Xa){x)) dx Lo{nhiXa){x)) dx 

7r" ~![Jut(b) 



(5.16) 



< 



j=0 



|2JS|V2 



For j e Z+ and j < 10, by the L^(M"')-boundedness of the operator TZh and the definition 
of the molecule, we have 



10 
j=0 



LO 



V |2JB|V2 



|A| 



\B\p{\B\) 



Since M > f (^ - i), we let a G (0, 1) such that a(2M + n/2) > n/p^. For j G N and 



j > 10, write 



TZh(Xa){x) < sup 



t<2<'J-2r-s V^"" JB{x,t) 



1/2 



(Aa)(y)|2(iy 



36 



Renjin Jiang and Dachun Yang 



+ sup 1/ \e-^'^{\a)(y)fdy\ =H,+I,-. 



For the case t < 2°-^ ^r^, let 



^ +n \ 

t>2"J-2rs \^ JB{x,t) 

= \ and Ej{B) = {Rj{B)f. (5.17) 



Vj{B) = 2^+^B \ 2^-^B, Rj{B) = 2^+^B \ 

Uj{B) and \x - y\ < t, then we have y G Vj{B) and dist {Vj{B), Ej{B)) ~ 2^rB, 
9 3 viplHs that. 



If X G Ujyj-> ) eiiiu — (/| ^ t-, tiicii wc iiciv 

which together with Lemma 2.3 yields that 



l|Hj||L2([;.(B)) < 



1/2 



sup 



< 



%! y{Xc.XE,iB)){y)?dy 

t JB{;t) 

ll^/^(AaXi^,(B))||L2(Rn) + \Uj{B)\^/^ sup 



LHUj{B) 
1/2 



sup 

t<2<'J-2r-s 



L\U,{B) 



< l|Aa|U2(R.(5)) + |C/,(S)|i/2 ^- 

t<2«3-2ra 



n/2 



||Aa||L2(M") 



< |A|2-J'^[p(|2^B|)]-i|2^5|-V2 + |A|2^'(i-«)("/2-^)[p(|B|)]-i|5|-V2, 

where c is a positive constant as in Lemma 2.3 and iV G N is large enough such that 
(1 — a){N — n/2)p^ > n{l—p^/2). Then by an argument similar to the proof of (4.4) and 
the fact that lo is of lower type pi_^ , we have 

l|Hj||L2(f7^(S))' 



J =11 



oo 

J=ll 



to 



|2J'S|V2 

|A|2-J^ 
\2jB\p{\2jB\))^ 



)oo 
1=11 



< \B\u; 



|_;^|2j(i-»)W2-iV) 

2^B|V2p(|S|)|B|V2 

|A| 



lA 



(5.18) 



which is a desired estimate. 

For the term Ij, by the L2(M"')-boundedness of the operator Tiff, we have 



l|IillL2([/^(i3)) 



< 



sup 

t>2''J-2rs 



1/2 



L2(C7.(B)) 
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which together with the fact that api^{2M + n/2) > n imphes that 

OO / 

7 = 11 ^ 



j=ll \ I I / 

OO 



A| 



B\p{\B\ 

which is a desired estimate. 

Combining the estimates (5.18) and (5.19) yields (5.16), and hence, completes the 
proof of that H^xO^"") C H^j^^iR""). Therefore, i?i^,L(M") and i?^^^^(M") coincide with 
equivalent norms. □ 

Equivalence of H^^xO^'^) and Hi^^p{M."-). The proof of the equivalence of if^,L(M") 
and Hi^^_^fp{W^) is similar to that of the equivalence of i?t^,_i,(M"') and Hij^j\j-^{W^); we omit 
the details. 

This finishes the proof of Theorem 5.2. □ 

Prom Theorem 5.2, it is easy to deduce the following radial maximal function character- 
izations of H^^l{W^). Recall that TZh and TZp are defined in (5.4) and (5.5), respectively. 

Corollary 5.1. Letuj satisfy Assumption (A). Then the spaces iftj,L(M"), H^j^-ji^CR."-) and 
Hu),'R.p (1^") coincide with equivalent norms. 

Proof. We only give the proof of the equivalence between H^j^ti^CK"-) and i?t^,,z,(M'*), since 
the proof of the equivalence between H^^Tip{W^) and H^^l{W^) is similar. 

For any / G (if^,L(M") n L'^{R'^)), by' (5.2) and (5.4),' we obviously have Uhf < Mhf, 
which implies that i7^,ArjM") C i7,^,7e/(M"). 

Conversely, since for all / £ L^(M'^), we have M^^"^ f < T^/i/, where M^^^^ is as in (5.2). 
Then by Lemma 5.3, we obtain that for all / G L^{W) n iI^,7e^(M"), 

mfhH < iK^ViIlh < Wnufhi.), 

which implies that H^^-]z^{W^) C H^j^j-^{W^), and hence, completes the proof of Corollary 
5.1. ' ' □ 



6 The Carleson measure and the John-Nirenberg inequahty 

In this section, we characterize the space BMOp,z,*(M") via the /9-Carleson measure and 
establish the John-Nirenberg inequality for elements in BMOp^L*(M'*), where L* denotes 
the conjugate operator of L in L^(M"). 
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Recall that a measure dfi on is called a p-Carleson measure if 



where the supremum is taken over all balls B of M** and B denotes the tent over B; see 
[25]. 

Theorem 6.1. Let uj satisfy Assumption (A), p be as in (2.4) and M > — i). 

(i) If f & BMOp^L*(M"), then djif is a p-Carleson measure and there exists a positive 
constant C independent of f such that \\dpf\\p < C'||/||bmo l*Q^")' ''^^^'"'^ 



dpf = 



2 T*\M -t-'L* 



2 dxdt 



(6.1) 



(ii) Conversely, if f & A^|^^,(M") satisfies (4.8) with certain q G (pl*,2] and e\ > 0, 

and dfif is a p-Carleson measure, then f € BMOp^L*(M") and there exists a positive 
constant C independent of f such that ||/||bmo z,*(M") — ^IM/^/llp' where dp,f is as in 
(6.1). 

Proof. It follows from Lemma 4.2 that (i) holds. 

To show (ii), let M > M + ei + I and e > uQ ^). By Lemma 4.3, we have 

{f,g) = Cm [[ {t'L*re-''^'fixWLe-t^^g{x)^, 

where 5 is a finite combination of (a;, q' , M, e)-molecules and q' = Then by (4.10), we 
obtain that 

\{f,9)\ ^ \Wf\\p\\g\\H^^L{m- 

Since H'^ ^'"^ is dense in H^x(W^)^ wc obtain that / G (i?t^,^£,(M"'))*, which combined with 
Theorem 4.1 implies that / G BMOp^^* (M") and ||/||bmOp i*(]R") ^ II duf\\p. This finishes 
the proof of Theorem 6.1. □ 

Recall that for every cube Q, 1{Q) denotes its side-length. 

Lemma 6.1. Let F G L^^^(M"+^). Suppose that there exist (3 G (0,1) and N G (0, 00) 
such that for certain a G (^^,00) and all cubes Q C M", 



xeQ : 



I \F{y,t)\ , 

JB{x,3at) >^ 



2 dy dt 



1/2 



> Np{\Q\) 



<m\- 



Then 



cubes OCR" IQIp(IQI) 



1 r ( r^iQ) r 



dy dt 



p/2 



dx < 



2NP 



(6.2) 



for all p G (1, 00). 
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Proof. Letn = {xeQ: (/o ^'^\fB(,,3at) l^l^^ > Np{\Q\)}. Applying 

the Whitney decomposition to $7, wc obtain a family {Qj}j of disjoint cubes such that 
(UjQj) = Q and dist {Qj,Q \^) E {■\/ni{Qj),A^/rii{Qj))\ see the proof of [22, Lemma 
10.1]. For 6 G (0,£(g)), define 



M(5) = sup ^ / ( /^^^^ / 

cubes QCQ \Q\ JQ yS JB{x,a{t-8)) 



where B{x, a{t — 5)) = if (5 > i. Now, observe that 

2 . ,.\P/2 



Fiy,t) 



pi\Q\) 



dy dt \ 



p/2 



dx, 



r / l<Q) r Fiy,t) ^ dydtV 

Jq\Js JsMt-s)) Pi\Q\) 



< 



/ /-no) r 


F{y,t) 


^ dy dt\ 


Wo JB{x,^at) 




tn+l j 



dx 

p/2 



dx 





F{y,t) 


^ dydt\ 


Wmax{€(Qj),<5} J B{x,a{t-6)) 


PilQl) 





{j:eiQ,)>5} 

j 

<NP\Q\+p\Q\M{6) + Y^ 

j 

= NP\Q\+P\Q\M{6)+1. 



;,a(t-i5)) 



Fiy,t) 



Pirn 



dy dt 
1^ 



p/2 



dx 



p/2 



Qj \Jmax{t(Qj) 



f 

,6} JB{x,a{t-S)) 



dx 



F{y,t) 



p{\Q\) 



dy dt \ 



p/2 



dx 



Since dist {Qj,Q \ il) e {^/n(.{Q j) ^ 4,^/ni{Q j)) , there exists x G (Q \ O) such that for all 

\x — x\<\x — XQ. I + \xQ. —x\< 5^/n£{Qj). 
Then by the fact that a > 5-\/n/2, we obtain 

{{y,t) : y G B{x,a{t-6)), max{e{Qj),d} < t < e{Q)} C {{y,t) : y G B{x,3at), t < e{Q)}, 
which implies that 

p/2 



sup 



/ rm) r 


F{y,t) 


^ dy dt\ 


\Jo JB{x,3at) 


pm 





dx < NP\Q\. 



For every cube Q C Q, let n = {x e Q : JBixSat) \F{y,t)\ 

Then 



X eQ : 



JB{x,3at) 



\F{y,t)\ 



2 dydt 



1/2 



> Npi\Q\) 



<m\- 
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Repeating the above estimates, we obtain 



r I j<Q) r 

Jq \Js JB{x,a{t-5)) 



F{y,t) 



P{\Q\) 



dy dt 



p/2 



dx<2NP\Q\ + p\Q\M{5), 



which via taking the supremum on Q imphes that (1 — I3)M{6) < 2NP. Letting S ^ 0, we 
finally obtain 



1 



\Q\pi\Q\y 



Q \J0 JB{x,at) 



\F{y,t)\' 



dx < limM{5) < 



2NP 



which implies (6.2), and hence, completes the proof of Lemma 6.L 



□ 



Theorem 6.2. Let lo satisfy Assumption (A), p be as in (2.4) andM> ^(^-5). Then 
the spaces BMO^'^(M") for all q G {pl*,Pl*) coincide with equivalent norms. 

Proof. It follows from the Holder inequality that 



BMO^'f.(]R") - ll/llBMO^'f.(R") - H-^ HsMO^'f^R")' 



where pi* < p < 2 < q < pi*. 

Let us now show that ||/||BMo2'f,(R") ~ ll/llBMOf'f,(R") P ^ {pl*,2). Write 



JB{x,9y/nt) 



\{fL*re-^'^*f{y)\^^ 



p/2 



dx 



i/p 



< 



I I 

JQ Jo 



.2 r*\M -f'L* 



B{x,9y/nt) 



\{t'L*)^e 



p/2 -\ l/P 

dx > 



/ / / lit'L* 
Jq Jo JB{x,9^t) 



x[/- (I - (1+ [9V^£(Q)]2L*)-i)^]/(y)P^ 



p/2 ^ VP 

dx\ = H + L 



Let 9^/nQ denote the cube with the same center as Q and side- length 9^/n times £{Q). 
Then by the Holder inequality, Lemmas 2.1 and 2.3, we have 



j=0 



Jo JB(x,9^t) 
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= Bi+ H2. 

By Lemma 2.4 and Proposition 4 in [12], we obtain 



p/2 ^ Vp 00 

dx\ 



3=0 



LP(R") 



i=o 

2 



LP(]R") 



i=o 

<p(iQi)iQr/"| 



BMo^'2;(iR")' 



For the term H2, noticing that Uj{9^/nQ) can be covered by 2-^" cubes of side-length 
9-v/n^(Q), which together with Lemma 2.3 and the Holder inequality implies that 



H2 < 



00 C ^<?(Q) „ 



2 dxdt 



1/2 



00 r 

<|g|i/P-i/2j- f 
,=3 l-^o 



^(Q) _(2^„^(Q))2 

e ct^ 



dt 



<p(IQI)IQI'/^II/IIbmo--(r") 



1/2 



X < 



|g|i/p-i/2^ 
i=3 

< /.nnnioiVpi 



2U{Q) 



N 



22jr 



dt 



^l+n/p—n/2 



1/2- 



p(|Q|)|Qr/^ll/llBMO--(M«)' 

where c is the positive constant as in Lemma 2.3 and G N is large enough. Thus, 

H < Hi + H2 < p(|g|)|g|'/^ii/iiBMo-- (M") 

Applying the formula that 

'l-{l-[I+(9V^l(Q)fL*]-Y]f 
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M 



fc=i 



where denotes the combinatorial number, by a way similar to the estimate of H, we 
also have I < p(|Q|)|Q|^/1|/||bmo-- (r- 



Combing the estimates of H and I yields that 



\it'L*re-''^y{y)\-- 



JB{x,9^/nt) 



which together with Lemma 6.1 implies that 



dy dt 



p/2 



1/p 



dx 



< 



p(IQI)IQI'/"II/IIbmo--(R" 



p,L* 



1 



sup 



1 



ballsBcM" P(l-^l) Ll-^l J JB 

1 r 1 



dx dt 



.1/2 



cubes QcM"P(|Q|) \.\Q\JJq 

( I r [<Q) 



ll\{t'L*)^e-'"'^*f{x)\^^ 



1/2 



^ sup 



cubes QcK" IqJo JB{x,3^/nt) 



1/2 



dx 



< 



BMO^'f^M")- 



Then by Theorem 6.1, we obtain 



< 



Finally, let us show that 



BMO«'f» (R") 



< 



^ lu ilBMO^''^.(R") 



for all q G (2,pi*). Let q' 



be the conjugate index q. For any ball B, let h G L'^{B) C L'^' (B) such that < 
• From Lemma 2.3, similarly to the proof of Theorem 4.1, it is easy to follow 

that (/ — e'~''s^)^/i is a multiple of an (a;, q',M, e)-molecule, and hence, 

IIU-e-'-^^)*'/i|k.,,(M»)<l. 
Now let / G BMOj;f,(M"). By Theorem 4.1, / G and hence. 



BMO^'t'*(R")' 



Taking supremum over all such h yields that 
completes the proof of Theorem 6.2. 



BMO^'f^R") ~ ll-' llBMO^'f^R") 



2,M mn), which 
□ 



7 Some applications 

In this section, we establish the boundedness on Orlicz-Hardy spaces of the Riesz trans- 
form and the fractional integral associated with the operator L as in (1.2). 



JVew Orlicz-Hardy Spaces 



43 



Recall that the Littlewood-Paley gi-function gi is defined by setting, for all / G L^(M") 
and X e M", 



(f 



t J 



By the proof of Theorem 3.4 in [22], we know that gi^ is bounded on L^(M"'). 
Similarly to Theorems 3.2 and 3.4 in [22], we have the following conclusion. 

Theorem 7.1. Let u satisfy Assumption (A) and p G (pL,2]. Suppose that the non- 
negative suhlinear operator or linear operator T is hounded on L^(R") and there exist 
C > 0, M e N and M > such that for all closed sets E, F in M" with 

dist {E, F) > and all f e LP(M"") supported in E, 

\\T{I - e-*^)^/||,.(^) < C [-^-^^J^) Uh^iE) (7.1) 

and 

f t \^ 

l|r(tLe-*^)^/lk.(^) < C (^-^(^j ll/llL.(i.) (7.2) 

for all t > 0. Then T extends to a bounded sublinear or linear operator from Hi^^l(W^) to 
L{oj). In particular, the Riesz transform VL~^/^ and the Littlewood-Paley g-function gi 
is hounded from Hi^^l{W^) to L{uj). 

Proof. Let e > n{l/p^^ — 1/puj), where p^ is as in Convention (C). Since T is bounded on 
LPiW^), by Lemma 5.1, to show that T is bounded from H^^^iiW^) to L(w), it suffices to 
show that for all A G C and (a;, oo, M, e)-molecules a. adapted to balls B, 

/_^.[r(Aa)(x,l^<|B|.(p^). (7.3) 

To prove (7.3), we write 

uj{T{Xa){x)) dx 

<f uj{\\\T{[I-e~'^BL]^a){x))dx-{- f a;(|A|r((7 - [7 - e-^^^]^)a)(x)) 

oo „ 

<J2 / u;{\X\T{[I-e-^B^r{axu,iB))){x))dx 

+ y sup / w I A|r 



j=0 

oo oo 

j=0 j=0 



2 7- -JS-r^ L 

M ^ 



{Xu,iB){r-B'L-Toc)\{x) \ dx 
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For each j > 0, let Bj = 2^B. Since uj is concave, by the Jensen inequahty and the 
Holder inequality, we obtain 



oo „ 

H,- <E / u;{\X\T{[I-e-^B^r{axu,iB))){x))dx 



< 



< 



E /, u;{\X\xu,iBM^)T{[I-e-^BL^'^{axu,iB))){x))dx 
1 1^'^> X^,,_, - e-^r (c<X.,B.))W «.) 



By the LP(M")-boundedness of T, Lemma 2.3 and (7.1), we have that for A; = 0, 1, 2, 
and that for A; > 3, 

/ -j^ X 2M 

which, together with Definition 4.2, 2Mp^ > n(l — •p^j'i) and Assumption (A), implies 
that 



|A|2-^-- \ f^igfepi / |A|2-(^^)0-+^)"^-- 



|A| 



|A| 



Since p is of lower type l/pu) — 1 and e > n{l/p(^ — 1/pui), we further have 



oo ^ 
< 2~^^'^^2-^"^^~P"/P"^ |.B|a; ( - 



1^1 ^<\B\J 
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Similarly, we have 



j=0 

Thus, (7.3) holds, and hence, T is bounded from i7c^,i,(M") to L{uj). 

It was proved in [22, Theorem 3.4] that operators gi and VL~^/^ satisfy (7.1) and (7.2); 
thus gL and VL~^/^ are bounded from H^^^L(M.") to L{io), which completes the proof of 
Theorem 7.1. □ 

We now give a fractional variant of Theorem 7.1. To this end, we first make some 
assumptions. 

Let Lo and satisfy Assumption (A) and q e [puiA]- In what follows, for all t G (0, oo), 
define 

v{t) = u;-\t)t^/i-^/P- . (7.4) 

Assumption (B). Let to satisfy Assumption (A), q G [p^j, 1] and pi < fi ^ min{2,r2} < 
1^2 < PL satisfying that l/p^j — l/q= 1/ri — l/r2. Suppose that v as in (7.4) is convex and 
u(0) = limi_o+ vit) = 0- Then for all t G (0, oo), let u!{t) = v-^{t) and p{t) = ^-^^-ly □ 

Remark 7.1. (i) It is easy to see that if a; is as in Assumption (B), then ui also satisfies 
Assumption (A) with p^ = q and p~ = _|_ \ — — — . Moreover, 

(ii) Let p G (0, 1] and w{t) = for all t G (0, oo). In this case, Pw = p = p^, q & [p, 1] 
and uj{t) = ti for all t G (0, oo). 

Theorem 7.2. Let q, ri, r2, co and uj satisfy Assumption (B). Suppose that the linear 

operator T is bounded from (R") to L""^ (R") and there exist C > 0, M G N and M > 
^(pZ ~ ^) "'""'(j^ " ^) satisfying that for all closed sets E, F in R" with dist (E, F) > 0, 
all f G L'"i(R'^) supported in E, and all t > Q, 



m/-.-")"/ik.,.,<c(^j-^^) 11/11,,.,,, 



(7.5) 



and 

M 



\\T{tLe-'^rfhr,r^.<C{ WfhrUE). (7.6) 



IfT is commutative with L, then T extends to a hounded linear operator from Hi^^l{W^) 
to iJc,i,(M"). 

Proof. Let e G {n{^ - -^), M - 1(^ - i)). It follows from Proposition 4.2 that for every 

/ G (i7,^,L(R") n L2(R")), / G L''i(R'^) and there exist {Xjjjti C C and (w, oo, 2M, e)- 
molecules {aj}'jLi adapted to balls {Bj}j^^ such that / = Yl^i^j^j holds in both 
i/^,i(R") and L^i(K"); moreover, A({A,aj}j) < ||/|k„,^(Mn). 
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We first show that T maps each {u, oo, 2M, e)-molecule into a multiple of an (a;, r2, M, e)- 
molecule. To this end, assume that a is an (o^', oc, 2M, e)-molecule adapted to a ball 
B = B{xB,rB)- By the boundedness of T from L'i(M") to U^W) and Remark 7.1, we 
have Ta G L^2(M") and for any A; G {0, • • • , M} and j G {0, • • • , 10}, 

\\{rlL)-''Tahr^u,m < ||(r|L)-'=a||in (m-) < 2-^^\2^ B\'/^^-'\p{\2^ B\)]-' 

~ 2-^'^|2^5|V^2-i[^(-|2i5|)]-i. 

For j > 11, let = {2^+^B \ 2^-^B) and Ej{B) = {Wj{B))^. Thus, 



(r|L)-'=Ta||i.2([/,^(B)) < 11^(1 ■ 



-rlL\Mr 



+ \\T[I -{I- e-^l'^mrlLr'ajUr.^u.iB)) = H + I. 

By the boundedness from ^^(W^) to L''2(M") of T, Lemma 2.3, (7.5), the choice of e and 
Remark 7.1, we have 

H < ||r(/-e-'-i^)^[x^^.(s)(r|L)-^«]||^..(^.(5)) 
+ ||r(/-e-'-|^)^[x^;,(B)(r|L)-^a]|U.,(f;^(s)) 



< \\(rlL 



-k f \^ 2 -k 

|i)-'«kn(H.,(B)) + (^dist(c/,(4,ii;,(B))2j IK^B^)"'"ll^-(^.(i^)) 



< 2-J'^|2-'\B|i/''i-i[p(|2J5|)]-i + 2-2j'^|5|^/''i-^[p(|5|)]-^ 



Similarly, by (7.6), we have 

„2 



I ^ sup 



l<ik<M 



sup 

l<k<M 



— i^Le~~' 
M 



M 



[Xw,iB){r'BL)-'-^'a 



kr 



M 



Ft ^ B T 



M 



[XEj{B){rBL) 



-k-M 



L-2(Uj{B)) 



L-2(Uj(B)) 
M 

2 T\-k-M 



< 2-^'\2^ Bl^/^'^-Mm B\)]-\ 



a\\Lri{Ej{B)) 



Combining the above estimates, we finally obtain that Ta is a multiple of an (lo, r2,M, e)- 
molecule. 

Since T is bounded from L'-i(M") to U^iR''), we have Tf = ^"^^ Ajr(aj) in L'-2(M'^). 
To finish the proof, it remains to show that ||T/||j:/^ ~ ll/ll-ffi^ l(R")- ^^^^ 
Lemma 2.4, the subadditivity and the continuity of lo and (4.3) with uj and p replaced 
respectively by u and p, we obtain 



» CO „ oo 

/ ^{SL{Tf){x))dx<Y, u{\\^\SL{Tai){x))dx<Y,\B, 



• (7.7) 
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Choose 7 G {A{{Xjaj}j),2A{{Xjaj}j)]. Then for each j G N, we have 7 > |Aj|; oth- 
erwise, there exists i G N such that 7 < \Xi\, which together with the strictly increasing 
property of u further imphes that 



UJ 



j\BM\Bj 



l\BMm 



\BM\Bi 



1. 



This contradicts to the assumption A > A{{Xjaj}j). Thus, the claim is true. Therefore, 
by this claim and the strictly increasing property of lo, for each j G N, we have 



\Bj\u 



\Xj 



l\BM\Bj\) 



< [\Bj\u; {u-\\Bj\-^))] 



l/Pw-l/? 



< 1, 



which implies that 



I A, 



< Mu-\\B,n 



lA, 



l\BM\Bj\)J\ 



LO 



to 



.^\BM\Bj\) 

Since oj satisfies Assumption (B), we further obtain 



LO 



l\BM\Bj\ 



and hence, by (7.7), 
fSL{Tf){x) 



LO 



7 



dx<Y^ \Bj 



LO 



< LO 



lA,- 



l\BM\Bj\)J' 



l\BM\Bj\)J^^,^^' 



LO 



lA, 



l\BM\Bj\) 



< 1. 



Thus ||T/||H-,(Rn) <7< 
completes the proof of Theorem 7.2. 



i,(K")' which together with a standard density argument 



□ 



Remark 7.2. If we let p G (0,1] and Lo{t) = tP for all t G (0,oo), by Remark 7.1(ii) 
and Theorem 7.2, we know that the operator T of Theorem 7.2 in this case extends to a 
bounded linear operator from ii'£(M") to ii'^(M"). 

In what follows, let 7 G (0, f (^ — ^))- Recall that the generalized fractional integral 
L-T is given by setting, for all / G L'^{W^) and x G W, 



Applying Theorem 7.2, we obtain the boundedness of L ''' from H^^l{W^) to H^^l{PP) 
as follows. 
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Theorem 7.3. Let q, ri, r2, to and u> satisfy Assumption (B) and 7 G (0, — ^)) 
satisfying that n{l/p^ — 1/q) = 27. Then the operator satisfies (7.5) and (7.6) and 
hence, is hounded from H^^l{W^) to H^^i^{W^). 

Proof. Let M G N and M > - 1) + n(^ - 4f). By [2, Proposition 5.3], the operator 

L-T is bounded from L''i(R") to Thus,V Theorem 7.2, to show Theorem 7.3, 

we only need to prove that L~'^ satisfies (7.5) and (7.6). We only give the proof of the 
former one, since (7.6) can be proved in a similar way. 

Let E, F be closed sets in W with dist {E,F) > and / G L''i(M") supported in E. 
Write 



\L-^I-e-''^)^fh 



1 



'"2 (Rn) 



r(7) 



< 



f s^-^e-'^{I- 
Jq 





""fds 










L'-2( 










l-OO 


e-''')^fds 




+ 






L''2 (E" 


) 


Jt 



L''2(]R") 



= Hi + H2 

It follows from Lemma 2.3 that 
rt 

II o~sL f\ 

ft 



Hi <^ '^fWrr^t^n, ds+ sup 



< 



< 



_-. nr2 L") dist (E,F) 







l<fe<M JO 
2 rt 
ds + s 
Jo 



L''2(R") 



ds 



, "/ 1 1 ^ dist(B,F)2 

,7-1^2(7^ ^T^e ct ds 



dist {E, FY 



M 



here and in what follows, c is the positive constant as in Lemma 2.3. 

For the term H2, since / — e~*^ = Jq Le~^^ dr, by Lemmas 2.1 and 2.3, and the 
Minkowski inequality, we obtain 



ds 



< 



00 g7-l ft 



S ./o 



L''2 (M") 

(sL)^e-^-^e-(''i+-+''^)^/ 



L'"2(]Kn) 



dri • • • drM ds 



00 7-1 



rt 



dist (£;, F)2 



M 



dr 



L''i(M") ^ 



dist (£;, F)2 



M 



which implies that (7.5) holds for the operator L ^ , and hence, completes the proof of 
Theorem 7.3. □ 



Remark 7.3. Similarly to Remark 7.2, as a special case of Theorem 7.3, we know that the 
operator L~"' maps i/£(M"') continuously into iy£(M"), where 7, p, q satisfy < p < g < 1 
and n{l/p — 1/g) = 27. 
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Using Theorems 7.1 and 7.3, we further obtain the following boundedness of the Riesz 

transform VL'^^ ^^^^ iJ^_^(R") to H^{W^). We first recall some notions; see [42, 37, 25]. 

In what follows, let 5(M") denote the space of all Schwartz functions and S'{W^) the 
space of all Schwartz distributions. 

Definition 7.1. Let to satisfy Assumption (A) and p^^ G (^^,1]. A function a is called 
a (p, 2) -atom if 

(i) suppa C B, where B is a hall ofW^; 

(ii) ||a||^2(i,„) < 
(Hi) J]g„ a{x) dx = 0. 

Definition 7.2. Let lo satisfy Assumption (A) and p^^ G (ttPT' Orlicz-Hardy space 

iJtj(M") is defined to be the set of all distributions f G 5'(M") that can be written as 
f = Yl'jLi bj in 5'(]R"), where {bj}'jLi is a sequence of multiples of {p, 2)-atoms such that 

where supp6j C Bj. Moreover, define 
||/||i?,,(M») = inf 

where the infimum is taken over all decompositions of f as above. 

It is well known that the classical Orlicz-Hardy space defined by using grand maximal 
functions is equivalent to the above atomic Orlicz-Hardy space i?(^(R"') as in Definition 
7.2; see [42, 37]. Based on this fact, in what follows, we denote both spaces by the same 
notation. Recall that H^{W^) is complete. 

Theorem 7.4. Letco satisfy Assumption (A) andp^ G i^^^i Then the Riesz transform 
V-L"-*"/^ is hounded from Hi^^l{M.^) to H^^{M.'"). In particular, VL~^/^ is bounded from 
i?£(M") to ifP(M") for all p G (;^, 1] 

Proof. Let e > 1 + n(:^ — J-) and M > — ^) + e, where Pu, is as in Convention (C). 
Suppose that a is an (w, oo, M, e)-molecule associated to a ball B = B{xB,rB)- We first 
show that V L~'^^'^a{x) dx = 0. 

From the L^(M")-boundedness of VL~^/^ (see [2, Theorem 4.1]), it follows that for 
j = 0, 1, • • • , 10, 

\\VL-^'^a\\L2i^u,{B)) < \\VL-^l^a\\m^u) < ||a||i2(Mn) < \B\-^'^ p{\B\)-\ (7.8) 

For j > 11, let W,j{B) = {T+^B\T~^B) and Ej{B) = {Wj{B)f. By the fact that VL^^s 
satisfies (7.1) and (7.2) (see Theorem 3.4 in [22]) together with the L^(M"')-boundedness 
of VL~^/^ and Lemma 2.2, we have 

\\VL I a 1 1^2 (,7. (B)) 
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< 



< 









/ 











I-{I-e- 



a 



+ sup 

l<fe<M 



VL-V2 



M 



e M 



{XWj{B) + XEj{B)){rBL) 



LHUj{B)) 



< 



I«IIl2(Wj(b)) 

„2 T\-M, 



+ 2 



-2jM\ 



< [2-^^ + 2-^'(2^-"/P'^+"/2)j|2j5|-i/2[^(|2i5|)]-i. 



(7.9) 



Combining the above estimates and using the Holder inequahty, we see that VL ^/^a € 

We now choose pi < s < min{t,2} < t < pl such that 1/s — l/t = 1/n. Since an 
(w, cx), Af, e)-molecule is also an (w, s, M, e)-molcculc, by the fact that is bounded 

from L*(R") to L*(M") (see [2, Proposition 5.3]) and the Holder inequality, we have that 
for j = 0, 1, • • • , 10, 



i^-'/'a||Li(t/,(B)) < \Uj{B)\'-'/'\\L-y^a\ 



LH 



\n{l-l/t)\ 



<(2^rB)- --llallL^ 



<|5|l-l/m/s-l[^(|5|)]-l ^ \B\^/n^p{\B\)]-\ 

For j > 11, let Wj{B) = \ 2^-^B) and Ej{B) = {Wj{B))^. By Theorem 7.3, we 

have that L~^/^ satisfies (7.5) and (7.6), which together with Lemma 2.3 and the Holder 
inequality yields that 



LHUjiB)) 



< |C/,(S)|1-V*|||l-i/2(j 



Lt{Ui{B)) 



+ 



rlL\M 



I -{I- e-'^B^) 



a 



+ sup 

l<k<M 



^-1/2 



kr'^L 
M 



r2 i 



e *f 



M 



L*([/,(i3)) 



(XWjiB) + XEj(B))irlL) ^^a 



<|C/,-(S)|i-Vt{||a|U.(^.(5))+2-2j-^||«|U.(ij„) 

+ ||(r|L)-^a|U.(H.,.(B)) + 2-2^-^||(r|L)-^a||i.(M„)} 
< [2-^(^-1) +2-^(2A^-'^[i-iA])]|5|i/n[p(|5|)]-i. 



Since e > 1 + n{l/pco — Puj) and M > 



WC 



obtain that L^VSq, g L^(M"). 



Now we choose {(Pj}%o ^ C'o°(K'') such that 
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(i) Yl'jLo = 1 foJ" almost every a; G M"; 

(ii) for each j € Z+ , supp ipj C 2Bj , ipj = I on Bj and < fj < 1; 

(iii) there exists > such that for all j £ Z+ and x G M"', |</'j(a;)| + |V<^j(a:;)| < C^; 

(iv) there exists A'';^ G N such that Yl'jLoX2Bj < -^v'- 

Using the properties of {(pj}j^Q and the facts that L~^/^a, VL~^/'^a G L^(M"), we 
obtain 

/ VL-^/^a{x)dx = V{ipjL-^''^a){x)dx. 

For each j, let r/j G Co°(M") such that r/j = 1 on 2Bj and suppr/j C 4Bj. Then for each 
z = 1, 2, • • • , n, we have 

/ — ((/?jL~^/'^Q)(x) dx = / r]j(x)-^ — {ipjL^^^'^a){x) dx 

JM" C^Xj J-^n OXi 

= - I ipj{L~^^^a){x)^r]j{x) dx = 0, 

JRri OXi 

which implies that f^„ VL^^/^a(x) dx = 0. 

To finish the proof, we borrow some ideas from [41]. For k G let Xk = XUj,(b)j 
Xk = \Uk{B)\-'^Xk, ruk = VL-V2Q,(a;) (^aj and = VL-^/'^axk - rukXk- Then we 

have 

oo oo 

VL-^^^a = J2Mk + Yl "^kXk 

k=0 k=0 

in L^{W). Now let Nj = J2'^^j mk- Since Jj^„ VL-^/^a{x) dx = 0, we have 

oo oo 

VL-V2a = J2Mk + J2 Nk+i{Xk+i - Xk)- (7.10) 

k=0 k=0 

Obviously, for all /c G Z+, Mk{x) dx = 0. Furthermore, by (7.8), (7.9) and the Holder 
inequality, we have that for all k G Z+, 

WMkhHRn) < \\VL-'/MLHu,m < 2-^^|2^BrV2[p(|2fcs|)]-\ 

which implies that {'2^''Mk}kez+ is a family of (p, 2)-atoms up to a harmless constant. 

To deal with the second sum in (7.10), by (7.8), (7.9), \xk+i - Xk\ < \2''B\-'^ and the 
Holder inequality, we have that for all A; G Z+, 

||-^fe+i(Xfc+i - Xfe)IU2(M«) <^ j^^^TY7^|||VL~^/^a||i2([7^.(B)) 

j=k 

<2-fce|2fc5|-l/2[^(-|2fc5|^]-l_ 

This, together with J^^nlXk+i^Xk] dx = 0, implies that for each k G Z+, 2'^^Nk+i{xk+i-Xk) 
is a (p, 2)-atom up to a harmless constant. 
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By Assumption (A) and Convention (C), p is of lower type l/po, — 1, which imphes that 

< V2~^'^''^'+-'"(^~f'^/^'^)|5|a; T ^ ^ ~ \B\uj ( ^- ^ . (7.11) 

~^t^ ' ^ \\\B\p{\B\)) ' ^ \X\B\p{\B\)) ^ ^ 

Now, suppose that / G iJa;,L(M")nL2(M"). By Proposition 4.2, there exist (a;, oo, M, e)- 
molecules {afe}^]^ adapted to balls and numbers {A^}^^ C C such that / = 

Er=i Afcttfe in both F^,l(M") and L^W') with A({Afea,.},.) < ||/|U^.,^(Rn). 

For each (a;, oo, M, e)-molecule au, by the above argument, we decompose VL~^/^afc 
into a summation of multiples of (p, 2)-atoms with harmless constants, which converges in 
L^(M"). For simplicity, we write it as VL~^/^afe = Yl^i ^kj, where bkj is a multiple of a 
(p, 2)-atom supported in B^ j with a harmless constant. Thus, by (7.11), we obtain 



|VL-V2/||^^(^„) =inf. 



A > : ^iSfelw - 

fc=i 

A({Afeafc}fe) < ||/||j/^_^(Mn). 



Then, by a standard density argument, we see that V-L extends to a bounded linear 
operator from H^^l(W^) to H^{W^). This finishes the proof of Theorem 7.4. □ 

Remark 7.4. Let oo satisfy Assumption (A) and puj G (;^, 1]- Wc claim that the Orlicz- 

Hardy spaces i?'^,L(M") C HJR''). In particular, Hl{W) C HP{W') for all p G (;^, 1]. 

Let e G (n(l/j3^ - l/p+), oo), M G N and M > §(^-5). For all (a;, 00, M, e)-molecules 
a, we claim that Jj^„ a{x) dx = 0. To show this, write 

a = div(^VL-ia) = re {div(A[rBV(J + rlL)-\rlL)-^a + rBV(7 + rliy^a])} , 

where a is adapted to the ball B = B{xB,rB)- 

From the Holder inequality. Lemma 2.2 and Definition 4.2, it follows that for j = 
0,1,- •• ,10, 

||rBV(7 + rlLr\rlL)-'a\\L^u,{B)) < \Uj{B)\'/^\\rBViI + r|L)-i(r|L)-ia|U2(K„) 

<|B|V2||(^|L)-ia||^.(„„)<[p(|S|)]-\ 

For j > 11, let Wj{B) = {2^+^B\2^-^B) and Ej{B) = {Wj{B))^. By Lemma 2.2 and the 
Holder inequality, wc have 



\rBV{I + rlL)-\rlL)-'a\\Liru, 
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rBViI + r%L) 1 ixWj{B) + XE,(B))irlL) 



< 



1 1/2 



<2-^^[p{\2^B 



{tbL) q;||l2(w,(b)) + exp <j - 

n/2+e 



dist (Uj{B),Ej{B)) 



crB 



\0(\\l' 



TB 

2^rB 



[p{\B\)]-' < 2-^^[p{\B\)]-\ 



The above two estimates imply that rB^il + r^Ly^ {r%L)~^a G L^(M"). 

Similarly, we have that rBV{I + r%L)-^a G Li(M"), and hence, VL'^a G L^{W^). 

Let {(pj}'jLQ be as in the proof of Theorem 7.4. Using the properties of {(^j}^Q and 
the facts that a, VL~^a G L^(M") together with the divergence theorem, we obtain 



/ Oi{x)dx =2_, I di\{}pjAV L ^oi){x)dx 



j=0 

CO 



V / {<fj{x)N2B, {x), AVL-^a{x)) da^B.x = 0, 

Jd{2Bj) 



where N2Bj denotes the outward unit norm vector to 2Bj and (y2Bj the surface measure 
over d{2Bj). 

Then following the proof of Theorem 7.4, we obtain that for all / G H^^l (K") n (M") , 
ll/ll//„(R") ^ II/IIhc.,l{K")- By a density argument, we obtain that iJ^,L(M") C i?a;(ffi''), 
which completes the proof of the above claim. 
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